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Abstract
Neutrino oscillation data strongly support µ−τ symmetry as a good approximate flavor symmetry
of the neutrino sector, which has to appear in any viable theory for neutrino mass-generation. The
µ−τ breaking is not only small, but also the source of Dirac CP-violation. We conjecture that both
discrete µ−τ and CP symmetries are fundamental symmetries of the seesaw Lagrangian (respected
by interaction terms), and they are only softly broken, arising from a common origin via a unique
dimension-3 Majorana mass-term of the heavy right-handed neutrinos. From this conceptually
attractive and simple construction, we can predict the soft µ−τ breaking at low energies, leading
to quantitative correlations between the apparently two small deviations θ
23
− 45◦ and θ
13
− 0◦ .
This nontrivially connects the on-going measurements of mixing angle θ23 with the upcoming
experimental probes of θ13 . We find that any deviation of θ23− 45◦ must put a lower limit
on θ13 . Furthermore, we deduce the low energy Dirac and Majorana CP violations from a
common soft-breaking phase associated with µ−τ breaking in the neutrino seesaw. Finally, from
the soft CP breaking in neutrino seesaw we derive the cosmological CP violation for the baryon
asymmetry via leptogenesis. We fully reconstruct the leptogenesis CP-asymmetry from the low
energy Dirac CP phase and establish a direct link between the cosmological CP-violation and the
low energy Jarlskog invariant. We predict new lower and upper bounds on the θ13 mixing angle,
1◦ . θ13 . 6
◦ . In addition, we reveal a new hidden symmetry that dictates the solar mixing
angle θ12 by its group-parameter, and includes the conventional tri-bimaximal mixing as a special
case, allowing deviations from it.
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1. Introduction
Neutrino physics has come to a golden era for a decade. The discovery of oscillations of solar and
atmospherical neutrinos, and the further confirmations by using terrestrial neutrino beams produced
in the reactor and accelerator experiments, have established the massiveness of neutrinos as well as
the large mixing angles in the leptonic mixing matrix [1]1. The two mass-squared differences (∆s, ∆a)
and two large mixing angles (θ12, θ23) are measured with good accuracy. A summary of the 3ν global
analysis on these parameters [3] is shown in Table-1, with the conventions of ∆s = m
2
2 − m21 and
∆a = |m23 − (m21 +m22)/2| for the fit [4, 5].
Parameters ∆s (10
−5eV2) ∆a (10
−3eV2) sin2 θ12 (θ12) sin
2 θ23 (θ23) sin
2 θ13 (θ13)
Best Fit 7.67 2.39 .312 (34.0◦) .466 (43.0◦) .016 (7.3◦)
1σ Limits 7.48− 7.83 2.31− 2.50 .294− .331 .408− .539 .006− .026
(32.8◦ − 35.1◦) (39.7◦ − 47.2◦) (4.4◦ − 9.3◦)
2σ Limits 7.31− 8.01 2.19− 2.66 .278− .352 .366− .602 < .036
(31.8◦ − 36.4◦) (37.2◦ − 50.9◦) (< 10.9◦)
3σ Limits 7.14− 8.19 2.06− 2.81 .263− .375 .331− .644 < .046
(30.9◦ − 37.8◦) (35.1◦ − 53.4◦) (< 12.4◦)
90%C.L. Limits 7.36− 7.94 2.24− 2.60 .283− .344 .380− .582 < .032
(32.2◦ − 35.9◦) (38.1◦ − 49.7◦) (< 10.4◦)
99%C.L. Limits 7.23− 8.13 2.10− 2.75 .270− .365 .344− .627 < .042
(31.3◦ − 37.2◦) (35.9◦ − 52.3◦) (< 11.8◦)
Table 1: The global 3ν fit [3] for the neutrino mass-squared differences and mixing angles including
the available data from solar, atmospheric, reactor (KamLAND and Chooz) and accelerator (K2K
and MINOS) experiments [6].
The Table-1 shows that the neutrino mixings pose a striking pattern with two large mixing angles
(θ12, θ23) and a small mixing angle θ13 , very different from that of quark sector. It is also intriguing
to note that the central value of θ23 is already somewhat below the maximal mixing angle
2 (45◦) and
θ13 is favored to deviate from zero at 95%C.L.
3 To be specific, the data allow two small deviations
of the same order, at the 2σ level,
− 7.8◦ < (θ23 − 45◦) < 5.9◦ , 0◦ 6 (θ13 − 0◦) < 10.9◦ , (1.1)
with the best fitted values, (θ23 − 45◦) = −2.0◦ and (θ13 − 0◦) = 7.3◦. This naturally provides a
1The leptonic mixing matrix is conventionally called Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix [2] whose
form will be discussed later in Sec. 3.1.
2It was noted back in 2004 [7] that the data have slightly favored a smaller θ23 than its maximal value. Although this
intriguing small deviation θ23 − 45
◦ < 0 is not yet statistically significant, the tendency of having a negative θ23 − 45
◦
is found to be robust, due to the excess of e-like atmospheric neutrino events in the sub-GeV sample [7].
3A very recent oscillation analysis on θ13 gives, sin
2 θ13 = 0.02 ± 0.01 at 1σ level, with the central value slightly
shifted upward [8].
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fairly good zeroth order approximation, θ23 = 45
◦ and θ13 = 0◦, under which two exact discrete
symmetries emerge, namely, the µ−τ symmetry [11] and the Dirac CP conservation4 in the neutrino
sector. We stress that the µ−τ symmetry (as well as associated Dirac CP-invariance), as a good
zeroth order approximation reflected by all neutrino data, has to appear in any viable theory for
neutrino mass-generation.
Since the µ−τ symmetry, as a good zeroth order flavor symmetry of the neutrino sector, leads to
θ13 = 0 and thus the Dirac CP-conservation, the µ−τ symmetry breaking terms must be small and
also serve as the source of the Dirac CP-violation. On the theory ground, it is natural and tempting
to expect a common origin for all CP-violations, although the Dirac and Majorana CP-violations
appear differently in the low energy effective theory of light neutrino mass-matrix. Given such a
common origin for two kinds of CP-violations, then they must vanish together in the µ−τ symmetric
limit.
With these key observations, we conjecture that both discrete µ− τ and CP symmetries are
fundamental symmetries of the seesaw Lagrangian (respected by interaction terms), and they are
only softly broken, arising from a common origin via a unique dimension-3 Majorana mass-term of
the heavy right-handed singlet neutrinos. The reason for the µ−τ and CP breaking terms being
soft is because we consider both symmetries to be respected by interaction terms of the seesaw
Lagrangian [9], thus the unique place for such breakings is the dimension-3 singlet Majorana mass
term of right-handed neutrinos.
From the above conceptually attractive and simple construction with the soft breakings of two
discrete symmetries from a common origin, we can predict the soft µ−τ breaking at low energies,
leading to quantitative correlations between the apparently two small deviations 5, δa ≡ θ23− 45◦
and δx ≡ θ13− 0◦. The mixing angle θ13 will be more precisely probed at the upcoming reactor
experiments Double Chooz [14], Daya Bay [15], RENO [16] as well as the accelerator experiments
T2K [18] and NOνA [17], etc 6, while improved measurements of the mixing angle θ23 are expected
from the Minos [20] and T2K [18] experiments etc. The future neutrino factory and super-beam
facility [21] will further pin down these key parameters with high precision. Finally, we further
derive the cosmological baryon asymmetry ηB via leptogenesis and analyze the interplay between the
leptogenesis scale M1 and the low energy Jarlskog invariant J as well as neutrinoless double-beta
decay observable Mee.
Table-1 also shows that the solar angle θ12 is best measured among the three mixing angles
7,
4Here the possible Majorana CP-phases may still appear, but in our theory construction (Sec. 2.2), they are not
independent and will vanish as the Dirac CP violation goes to zero in the µ−τ symmetric limit.
5It is interesting to note that a nonzero θ23−45
◦ is further motivated by the quark-lepton complementarity [10] via the
relation θq23 + θ
ℓ
23 = 45
◦, where experiments have measured the quark-sector CKM (Cabibbo-Kobayashi-Maskawa [12])
mixing angle θq23 = (2.36±0.06)
◦ [13], causing a deviation in the leptonic mixing angle θℓ23 = 45
◦
−θ
q
23 < 45
◦, consistent
with the data in Table-1.
6For instance, the proposed LENA experiment [19] will also probe θ13 and CP-violations with good precision via
long baseline neutrino oscillations from CERN to the LENA detector at Pyhasalmi mine (2288 km apart).
7Table-1 shows that the so-called tri-bimaximal (TBM) mixing ansatz, sin2 θ12 =
1
3
(θ12 = 35.3
◦), is above the 1σ
upper bound on θ12. A latest three-flavor oscillation analysis of SNO Collaboration [22] combined data from all solar
experiments and KamLAND reactor antineutrino experiment [23], this gave an even tighter constraint on the mixing
4
so it is not our major concern. The main goal here is to examine the least known angle θ13 (to
be measured at Double-Chooz [14], Daya Bay [15], RENO [16], T2K [18] and NOνA [17] experiments)
which is crucial for nonzero Dirac CP-violation, as well as its quantitative correlation with the
deviation of θ23 − 45◦ from the naive maximal mixing (which will be further probed by MINOS [20]
and T2K [18] experiments, etc). We can predict nontrivial lower and upper limits on the mixing
angle θ13 .
This paper is organized as follows. In Sec. 2 we present a unique construction of the soft µ−τ and
CP breakings from a common origin in the neutrino seesaw. Then, in Sec. 3 we present a low energy
reconstruction of the light neutrino mass matrix with µ−τ and CP violations including the small
parameters δa and δx . With these, we will further derive, in Sec. 4, the low energy µ−τ and CP
violation observables from the common soft breaking in the neutrino seesaw. As the δa and δx arise
from the common origin, they are proportional to a (small) common soft breaking parameter at the
next-to-leading order of the well-defined expansion. So we can make quantitative predictions for their
correlations, and discuss their implications for the upcoming experimental probes. Then, in Sec. 5 we
analyze the cosmological CP violation via leptogenesis [24, 25] in our model, which provides the origin
of matter — the baryon asymmetry of the universe. After inputting all the known neutrino data
and the observed baryon asymmetry [26, 13], we can derive the direct link between the cosmological
CP-violation and the low energy Jarlskog invariant [27]. We further place a lower bound on the
leptogenesis scale for producing the observed baryon asymmetry, and deduce new lower and upper
limits on the mixing angle θ13 . In Sec. 6, we generally prove why the solar mixing angle θ12 does not
receive any correction from the soft µ−τ and CP breakings. We show that θ12 is actually protected
by a new hidden symmetry in the seesaw Lagrangian, and its value is dictated by the group parameter
of this hidden symmetry. We finally conclude in Sec. 7.
2. Soft µ−τ and CP Breaking Originated from Neutrino Seesaw
We conjecture that both the discrete µ− τ and CP symmetries are fundamental symmetries of
the neutrino seesaw Lagrangian (respected by interaction terms), and are only softly broken from a
common origin. In fact, the only place in the seesaw Lagrangian which can provide such a common
origin is the dimension-3 singlet Majorana mass-term of right-handed neutrinos. The Dirac mass-
term cannot provide such a soft breaking as it is generated by the dimension-4 Yukawa interactions
after spontaneous electroweak symmetry breaking. In Sec. 2.1, we first consider the minimal neutrino
seesaw Lagrangian with exact µ−τ and CP invariance, and derive the seesaw mass-matrix for the
light neutrinos (from which we deduce the zeroth-order mass-eigenvalues and mixing angles). This
µ−τ and CP symmetric limit predicts the mixing angles (θ23, θ13) = (45◦, 0◦). Then, in Sec. 2.2,
we will construct a unique soft breaking term providing a common origin for both µ−τ and CP
breakings. From this we will further derive predictions for the µ−τ and CP breakings in the low
angle, θ12 = 34.38
+1.16
−0.97 (degrees), at 1σ level, which also leaves the TBM mixing value around the 1σ upper boundary.
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energy light neutrino mass-matrix, by treating the small soft-breaking as perturbation up to the first
nontrivial order (Sec. 4). The predictions for the seesaw-scale leptogenesis and its correlations with
low energy observables will be analyzed in Sec. 5.
2.1. Neutrino Seesaw with µ−τ and CP Symmetries
Seesaw mechanism [9] provides a natural explanation of the small Majorana masses for light neutrinos
which violate lepton number by two units8. For simplicity of demonstration, we consider the La-
grangian for the minimal neutrino seesaw [29, 30], with two right-handed singlet Majorana neutrinos
besides the standard model (SM) particle content,
Lss = − L Yℓ ΦℓR − L YνΦ˜ N +
1
2
N TMRĈN + h.c.
= − ℓL Mℓ ℓR − νL mD N +
1
2
N TMRĈN + h.c.+ (interactions) , (2.2)
where L denotes three left-handed neutrino-lepton weak doublets, ℓ = (e, µ, τ)T contains charged
leptons, νL = (νe, νµ, ντ )
T is for the light flavor neutrinos, and N = (Nµ, Nτ )T represents two
heavy right-handed singlet neutrinos. We have also denoted the SM Higgs doublet by Φ (Φ˜) with
hypercharge 12 (−12), and the 3×3 lepton and neutrino Yukawa-coupling matrices by Yℓ and Yν ,
respectively. The lepton Dirac-mass-matrix Mℓ = v Yℓ/
√
2 and the neutrino Dirac-mass-matrix
mD = v Yν/
√
2 arise from the dimension-4 Yukawa interactions after the spontaneous electroweak
symmetry breaking, 〈Φ〉 = (0, v√
2
)T 6= 0 , and the dimension-3 Majorana mass-term for MR is a
gauge-singlet.
This minimal seesaw Lagrangian in Eq. (2.2) can be regarded as an effective theory of the general
three neutrino seesaw where the right-handed singlet Ne is much heavier than the other two (Nµ, Nτ )
and thus can be integrated out at the mass-scales of (Nµ, Nτ ), giving rise to Eq. (2.2). Consequently,
the minimal seesaw generically predicts a massless light neutrino [29], which is always a good approx-
imation as long as the lightest left-handed neutrino has its mass much smaller than the other two
(even if not exactly massless). As we will prove in Sec. 6.3, the general three-neutrino-seesaw under
the µ−τ symmetry (Zµτ2 ) and hidden symmetry (Zs2) also predicts a massless light neutrino, sharing
the same feature as the minimal seesaw we consider here.
After integrating out the heavy neutrinos (Nµ, Nτ ) from Eq. (2.2), we can derive the seesaw
formula for the 3× 3 symmetric Majorana mass-matrix of the light neutrinos,
Mν ≃ mDM−1R mTD . (2.3)
In general it is expected that the lepton sector would obey a flavor symmetry Gℓ different from the
µ−τ symmetry Zµτ2 in the neutrino sector9, due to the large mass-splitting between (µ, τ) leptons.
The two symmetries Zµτ2 and Gℓ could result from spontaneous breaking of a larger flavor symmetry
8It was shown [41] that the seesaw mechanism can also be realized for generating small Dirac masses for light
neutrinos with lepton-number conservation. This direction will not be explored in the current study.
9The µ−τ symmetry Zµτ2 will be defined shortly, in Eqs. (2.5)-(2.6) and the text just above them.
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GF [28]. The invariance of lepton mass matrix under the transformation of left-handed leptons
GℓL (∈ Gℓ) is G†ℓLMℓM †ℓGℓL = MℓM †ℓ . The mass matrix MℓM †ℓ can be ensured to be diagonal via
proper model-buildings, e.g., via making GℓL diagonal and nondegenerate. For an explicit realization,
we can make the simplest choice of Gℓ = Z3 , with
10
GℓL = diag(1, η, η
2) , (2.4)
where η = ei2π/3 and G3ℓL = I with I being unit matrix. Thus, the above invariance equation
G†ℓLMℓM
†
ℓGℓL =MℓM
†
ℓ makes MℓM
†
ℓ fully diagonal, and corresponds to the left-handed leptons in
their mass-eigenbasis. This means that the PMNS matrix V = U †ℓLUνL = UνL . The right-handed
leptons can be further rotated into their mass-eigenbasis, without affecting the PMNS matrix, except
having a diagonal lepton-mass-matrix Mℓ in Eq. (2.2). (Note that the relation V = UνL holds as
long as MℓM
†
ℓ is ensured to be diagonal via the above symmetry transformation GℓL ∈ Z3 , but this
does not require the lepton mass-matrix Mℓ itself being generally diagonal because the right-handed
leptons can still be in the non-mass-eigenbasis.)
The Lagrangian (2.2) is defined to respect both the µ− τ and CP symmetries. So the Dirac
and Majorana mass matrices mD and MR are real, as well as symmetric under the transformations,
νµ ↔ pντ and Nµ ↔ p′Nτ , where p, p′ = ± denote the even/odd parity assignments of the light
and heavy neutrinos under the µ−τ symmetry Zµτ2 . This means that the mass matrices mD and
MR obey the following invariance equations,
T˜ †Lm˜DT˜R = m˜D , T˜
T
R M˜RT˜R = M˜R , (2.5)
with
T˜L =
 1 0 00 0 p
0 p 0
, T˜R = (0 p′p′ 0
)
, (2.6)
where we have added a “tilde” on mD andMR to indicate their most general forms including possible
µ−τ parities, and later we will remove the “hat” after some useful simplifications. Thus we can deduce
m˜D and M˜R to have the following structure,
m˜D =

a p′a
b c
pp′c pp′b
, M˜R = pR
(
M22 p
′
RM23
p′RM23 M22
)
, ( p, p′, pR, p
′
R = ± ) , (2.7)
which are all real due to the CP conservation. Here, the hatted quantities denote the mass matrices
before rephasing, whileM22 andM23 denote the absolute values of the {22} and {33} elements of M˜R
with their signs defined as pR and pRp
′
R, respectively. Note that the Dirac mass-matrix m˜D contains
only three independent real mass-parameters (a, b, c), and the symmetric Majorana mass-matrix M˜R
10Actually any discrete group Zn with n > 3 can provide a diagonal nondegenerate 3-dimensional representation
and thus does the same job [28].
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has just two, (M22, M23). Substituting the above m˜D and M˜R into the seesaw equation (2.3), we
deduce the mass matrix for light neutrinos,
M˜ν = pR

2a2
M22+p′p′RM23
a(b+p′c)
M22+p′p′RM23
pa(b+p′c)
M22+p′p′RM23
1
2
[
(b+p′c)2
M22+p′p′RM23
+ (b−p
′c)2
M22−p′p′RM23
]
p
2
[
(b+p′c)2
M22+p′p′RM23
− (b−p′c)2M22−p′p′RM23
]
1
2
[
(b+p′c)2
M22+p′p′RM23
+ (b−p
′c)2
M22−p′p′RM23
]
,
(2.8)
which we call the zeroth order mass-matrix since we will further include the small soft-breaking effect
in the next subsection.
For the mass formula (2.8), some comments are in order. First, it is clear that the sign factor
p′ = ± (due to the parity of the µ−τ transformations under Zµτ2 ) accompanies c and M23 everywhere
in Eq. (2.8). Besides, p′R is always associated withM23, as expected. It is convenient to simply rescale
c as p′Rc; then p
′ and p′R always accompany each other in (2.8), and appear together in front of both c
andM23. Second, we note that the {12} and {13} elements ofMν only differ by an overall sign p = ±
(due to the other parity factor under Zµτ2 ); the sign p also determines the sign of the mixing angle
θ23. As our sign-convention, we always define θ23 ∈ [0, π2 ] > 0, so we can make a simple rephasing
for the light neutrino ντ , i.e., (νe, νµ, ντ )
T → PL(νe, νµ, ντ )T , where PL is a 3× 3 diagonal matrix,
PL = diag(1, 1, p) . This will not affect the leptonic PMNS mixing matrix since it only contributes
to the rephasing matrix U ′′ as defined in Sec. 3.1 (which is not related to the PMNS matrix). Under
this rephasing, the mass matrix (2.8) becomes PTL M˜νPL. 11 Third, we note that the overall sign pR
in (2.8) originates from the overall sign in (2.7) and can be rotated away by uniformly rephasing the
Majorana neutrino fields N → √pRN ; we can further remove the relative sign p′R in M˜R [(2.7)] by
a rephasing of Nµ or Nτ . In summary, to simplify the sign-conventions we just need to make the
following combined transformations for light and heavy neutrinos, in one step,
νL → PLνL , N → PRN , (2.9)
with PL = √pR diag(1, 1, p) , PR =
√
pR diag(1, p
′
R) , where ν = (νe, νµ, ντ )
T . Then the two
mass matrices in (2.7) transform accordingly,
m˜D → mD ≡ P†Lm˜DPR , M˜R → MR ≡ PTRM˜RPR , (2.10)
with
mD =
 a p¯ab c
p¯c p¯b
, MR =
(
M22 M23
M23 M22
)
≡ M22
(
1 R
R 1
)
, (2.11)
where
p¯ ≡ p′p′R = ± , R ≡
M23
M22
≡ 1− r > 0 . (2.12)
11From Eq. (2.8) or Eq. (2.16) below, we have det(M˜ν) = det(Mν) = 0, which actually holds in general minimal
seesaw (even after including µ−τ and CP violations).
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In the above we have simply rescaled c as p′Rc (which does not matter since we can fully eliminate
the parameter c in our final relations between physical observables). Since bothM22 andM23 denote
absolute values, we always have R ≡ 1− r > 0 , i.e., r < 1 .
Furthermore, the µ−τ symmetry transformation matrices T˜L and T˜R will change into TL and TR
accordingly,
T˜L = PLTLP−1L , T˜R = PRTRP−1R , (2.13)
with
TL =
 1 0 00 0 1
0 1 0
, TR =
(
0 p¯
p¯ 0
)
, (p¯ = p′p′R) . (2.14)
Thus, the µ−τ invariance equations for the Dirac and Majorana mass-matrices in (2.11) become,
T †LmDTR = mD , T
T
RMRTR = MR , (2.15)
which can be readily verified. Finally, we rewrite the symmetric seesaw mass-matrix M˜ν in (2.8) as,
Mν =
1
M22

2a2
1+p¯R
a(b+p¯c)
1+p¯R
a(b+p¯c)
1+p¯R
1
2
[
(b+p¯c)2
1+p¯R +
(b−p¯c)2
1−p¯R
]
1
2
[
(b+p¯c)2
1+p¯R − (b−p¯c)
2
1−p¯R
]
1
2
[
(b+p¯c)2
1+p¯R +
(b−p¯c)2
1−p¯R
]
, (2.16)
which is invariant under µ−τ symmetry,
T TLMνTL = Mν . (2.17)
As mentioned earlier, we can readily verify det(Mν) = 0, which actually holds for any two-neutrino
seesaw.
Diagonalizing the µ−τ and CP symmetric mass-matrix (2.16), we derive the mass eigenvalues
and mixing angles
m1 = 0, m2 =
2a2 + (b+ p¯c)2
M22|1 + p¯R| , m3 =
(b− p¯c)2
M22|1− p¯R| , (2.18a)
tan θ12 =
√
2|a|
|b+ p¯c| , θ23 = 45
◦ , θ13 = 0◦ , (2.18b)
where we have made all mass-eigenvalues positive and the three mixing angles within the range[
0, π2
]
by properly defining the rotation matrix (cf. Sec. 3 and Sec. 6.1). Here the mixing angles
(θ23, θ13) = (45
◦, 0◦) are direct consequence of the µ−τ symmetry, while the value of θ12 does not
depend on it. The determination of θ12 from additional flavor symmetry will be further analyzed
in Sec. 6. The Eq. (2.18a) shows that the mass-spectrum of light neutrinos falls into the “normal
hierarchy” (NH) pattern (m1 < m2 < m3 ). From (2.11), we can diagonalize the µ−τ and CP
symmetric mass-matrix MR for right-handed neutrinos, with two mass-eigenvalues given by
M1 = |r|M22 , M2 = (2− r)M22 , (2.19)
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where 2− r > 0 is ensured because of R ≡ 1− r > 0 and thus r < 1 .
Finally, we comment on the sign choice for p¯ = ± . From Table-1, we deduce, at 2σ level,
m2
m3
=
√
δm221
δm231
≃
√
∆s
∆a
= 0.17 − 0.19 ≪ 1 . (2.20)
So we can derive the mass ratio,
m2
m3
=
2a2 + (b+ p¯c)2
(b− p¯c)2
|1− p¯R|
|1 + p¯R| ≪ 1 , (2.21)
where we note m1 = 0 as given in (2.18a) (which holds even after including µ−τ and CP violations).
Using the definition R ≡ 1− r > 0 and the mass-eigenvalues in (2.19), we can rewrite the ratio,
|1− p¯R|
|1 + p¯R| =

=
|r|
2− r =
M1
M2
≡ q , (for p¯ = +) ,
=
2− r
|r| =
M2
M1
= q−1 , (for p¯ = −) .
(2.22)
The Dirac mass-matrix mD in (2.11) arises from the products of Yukawa couplings and Higgs vacuum
expectation value. So for a natural seesaw without fine-tuning where Yukawa couplings are of O(1),
we expect mD = O(100GeV) , lying at the weak scale, so the ratio (2a2+(b+ p¯c)2)/(b− p¯c)2 = O(1) .
Hence, we deduce from (2.21) and (2.22),
q ≡ M1
M2
≪ 1 , (for p¯ = +) , (2.23a)
q−1 ≡ M2
M1
≪ 1 , (for p¯ = −) . (2.23b)
This indicates that the mass-difference between the heavy neutrinos is large, which is also what we
need for the leptogenesis analysis in Sec. 5. From (2.22) we can further resolve the parameter r ,
r =

2prq
1 + prq
= 2prq +O(q2) ≪ 1 , (for p¯ = +) ,
2
1 + q−1
= 2(1− prq−1) +O(q−2) ≃ 2 , (for p¯ = −) ,
(2.24)
where pr = ± denotes the sign of r. We see that the case p¯ = − leads to r ≃ 2 which contradicts
with the original condition R ≡ 1− r > 0 . Hence, the sign-choice of p¯ = − is excluded (or strongly
disfavored), and we can focus on the case with p¯ = + from now on.
2.2. Common Origin of Soft µ−τ and CP Breaking in Neutrino Seesaw
2.2.1. Unique Construction of Soft µ−τ and CP Breaking in Neutrino Seesaw
As we pointed out in the introduction (Sec. 1), the µ−τ symmetry serves as a good zeroth order flavor
symmetry of the neutrino sector, it further leads to θ13 = 0 and thus the Dirac CP-conservation.
This means that the µ−τ symmetry breaking is not only small, but also the source of the Dirac
CP-violation. On the theory ground, it is natural and tempting to expect a common origin for all
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CP-violations, although the Dirac and Majorana CP-violations appear differently in the low energy
effective theory of light neutrino mass-matrix. With such a common origin for two kinds of CP-
violations, then they must vanish together in the µ−τ symmetric limit.
With the above key observations, we conjecture that both discrete µ−τ and CP symmetries are
fundamental symmetries of the seesaw Lagrangian (respected by interaction terms), and are only
softly broken from a common origin in the seesaw sector. We observe that the only place for such
a soft breaking is the dimension-3 singlet Majorana mass-term of the right-handed heavy neutrinos
N in Eq. (2.2). The Dirac mass term cannot provide such a soft breaking as it is generated by the
dimension-4 Yukawa interactions after spontaneous electroweak symmetry breaking.
Under this conjecture, we can thus define the common soft-breaking term for µ − τ and CP
symmetries in the Majorana mass-matrix MR , via a single complex parameter ζe
iω , in a unique
way,
MR =
(
M22 M23
M23 M22
(
1− ζeiω)
)
, (2.25)
where the module 0 < ζ < 1 and the phase angle ω ∈ [0, 2π). Since the sign of ζ can always be
absorbed into the phase eiω, we only need to consider ζ > 0 . Besides, ζ should be significantly
smaller than one as the µ−τ and CP violations are small. As explained in Sec. (2.1), the elements
M22 and M23 will be taken in the positive range without losing generality. We note that the unique
CP phase eiω in (2.25) will not only generate the low energy CP-violations (via both Dirac and
Majorana phases) appearing in the neutrino oscillations and neutrinoless double-β decays, but also
provide the CP asymmetry needed for the successful leptogenesis of baryon asymmetry (cf. Sec.5.1).
We also note that this soft-breaking term cannot be located in the {23} and {32} elements of
MR because the Majorana mass-matrix MR is symmetric and the equality between the two off-
diagonal elements automatically respects the µ−τ symmetry. Hence, the only place to softly and
simultaneously break both µτ and CP symmetries is in the diagonal elements of MR. Then, we may
wonder whether we could relocate the soft-breaking term in the {11}-element instead of {22}-element
of MR,
MR =
(
M22
(
1− ζeiω) M23
M23 M22
)
. (2.26)
But we can readily prove that the definition (2.26) is actually equivalent to that in Eq. (2.25) for our
present study (where we are only interested in deriving correlations among the physical observables).
To see this, we can simply rename the right-handed neutrinos N = (Nµ, Nτ ) as N ′ = (N ′τ , N ′µ) ,
i.e.,
N = RN ′ , with R ≡
(
0 1
1 0
)
. (2.27)
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Then, the mass matrices mD in (2.11) and MR in (2.26) change accordingly,
mD → m′D = mDR =
p¯a ac b
p¯b p¯c
 ≡
 a′ p¯a′b′ c′
p¯c′ p¯b′
 , (2.28a)
MR → M ′R = RTMRR =
(
M22 M23
M23 M22(1− ζeiω)
)
, (2.28b)
where we have simply renamed, (p¯a, c, b) ≡ (a′, b′, c′) . From this we see that the Majorana mass-
matrix M
′
R is identical toMR as defined in Eq. (2.26), while the Dirac mass-matrix m
′
D takes exactly
the same form as mD in Eq. (2.11) except all its elements are primed in the new notation. Since our
final physical results in Sec. 4-5 only concern the correlations among physical observables and do not
explicitly rely on either (a, b, c) or (a′, b′, c′) 12, we conclude that the parametrization in (2.26) is
physically equivalent to (2.25) for our study, thus the formulation of the common origin for soft µ−τ
and CP violations is indeed unique under our construction. In consequence, we only need to focus
on the analysis of Eq. (2.25) for the rest of our paper.
In summary, the Dirac mass-matrix mD and Majorana mass-matrix MR (with soft µ−τ and CP
breakings from a common origin) can be uniquely parameterized as follows,
mD =
a ab c
c b
, MR =
(
M22 M23
M23 M33
)
, M33 = M22
(
1− ζeiω) , (2.29)
where we have set the sign p¯ = + for mD as discussed by the end of Sec. 2.1.
Thus, we can explicitly derive the seesaw mass-matrix for light neutrinos,
Mν = mDM
−1
R m
T
D
=
1
‖MR‖

a2(M22+M33−2M23) a[cM22+bM33−(b+c)M23] a[bM22+cM33−(b+ c)M23]
c2M22+b
2M33−2bcM23 bc(M22+M33)−(b2 + c2)M23
b2M22+c
2M33−2bcM23

≡
A B1 B2C1 D
C2
, (2.30)
where we have denoted, ‖MR‖ ≡ det(MR) = M22M33 −M223 . We find that it is useful to further
decompose Mν into µ−τ symmetric and anti-symmetric parts,
Mν ≡ M sν +Maν , (2.31)
M sν ≡
1
2
(
Mν + T
T
LMνTL
) ≡
A Bs BsCs D
Cs
, (2.32a)
12We note that under our present construction these parameters will all be eliminated from our final results since
they are neither direct observable nor theoretically predicted (cf. Sec. 4-5).
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Maν ≡
1
2
(
Mν − T TLMνTL
) ≡
0 Ba −BaCa 0
−Ca
, (2.32b)
with
A =
M22+M33−2M23
‖MR‖ a
2 , (2.33a)
Bs =
B1 +B2
2
=
M22+M33−2M23
2‖MR‖ a(b+ c) , (2.33b)
Cs +D =
C1 + C2
2
+D =
M22+M33−2M23
2‖MR‖ (b+ c)
2 , (2.33c)
Cs −D = C1 + C2
2
−D = M22+M33+2M23
2‖MR‖ (b− c)
2 , (2.33d)
and
Ba ≡ δBa = B1 −B2
2
=
M22−M33
2‖MR‖ a(c− b) , (2.34a)
Ca ≡ δCa = C1 − C2
2
=
M22−M33
2‖MR‖ (c
2 − b2) , (2.34b)
where
M22−M33
M22
= ζeiω = O(ζ) , (2.34c)
showing that the parameters δBa and δCa must vanish in the µ−τ (and CP) symmetric limit ζ → 0 .
So the µ−τ anti-symmetric part is a net measure of the µ−τ breaking. From (2.34) we further
compute the ratio of δBa and δCa,
δBa
δCa
=
a
b+ c
, (2.35)
which is a real number, independent of the µ−τ breaking and depending only on the elements of the
µ−τ symmetric mD . Note that in (2.34), all µ−τ breaking effects are contained in the coefficient,
(M22−M33)/‖MR‖ , which is exactly canceled in the ratio δBa/δCa. In Sec. 6.1-6.2, we will further
prove that the ratio (2.35) is directly connected to tan θs for the solar mixing angle.
2.2.2. Soft µ−τ and CP Breaking via Perturbative Expansion
According to our construction in Sec. 2.2.1, the size of the soft µ−τ and CP breakings are characterized
by the small quantity |ζ| < 1 , which can be treated as a perturbative expansion . As we noted by
the end of Sec. 2.1, there is another small µ−τ and CP symmetric parameter |r| < 1 , appearing in
the Majorana mass-matrix of heavy right-handed neutrinos,
MR = M22
(
1 1− r
1− r 1− ζeiω
)
= M10
( 1
r
1
r −1
1
r −1 1r −X
)
, (2.36)
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where we have used the notations,
r ≡ 1−R ≡ 1− M23
M22
, M10 ≡ rM22 , X ≡ ζ
r
eiω = O(1) . (2.37)
With these we can explicitly write the light neutrino mass matrix (2.30) as,
Mν =
1
(2−r−X)M10

ra2(2−X) ra(b+c−bX) ra(b+c−cX)
(b−c)2+rb(2c−bX) −(b−c)2+r(b2+c2−bcX)
(b−c)2+rc(2b−cX)
 (2.38a)
Since the unique µ−τ and CP violation quantity ζeiω is now fully hidden in the ratio X ≡ ζr eiω =
O(1) , we see that the only superficial small parameter for the effective perturbative expansion is
r . So, we can reorganize the light neutrino mass-matrix Mν in terms of the r-expansion alone, but
with X unexpanded,
Mν = M
(0)
ν + δM
(1)
ν +O(r
2) , (2.39)
where
M (0)ν =
(b−c)2
(2−X)M10
 0 0 01 −1
1
, (2.40a)
δM (1)ν =
r
(2−X)2M10

(2−X)2a2 (2−X)[(1−X)b+c]a (2−X)[b+(1−X)c]a
[(1−X)b+c]2 (1−X)(b+c)2+X2bc
[b+(1−X)c]2
. (2.40b)
We note that the zeroth order mass-matrix M
(0)
ν is complex, but the CP-phase only appears in
an overall factor and thus causes no observable CP-violation. The above decomposition can be
symbolically denoted as,
Mν =
 A B1 B2C1 D
C2
 ≡
 A0 B0 B0C0 D0
C0
+
 δA δB1 δB2δC1 δD
δC2

≡ M (0)ν + δMν = M (0)ν + δM (1)ν +O(r2) , (2.41)
with its zeroth order matrix corresponding to (2.40a) and the next-to-leading order (NLO) matrix
equal to (2.40b) at O(r).
For convenience, we further decompose δMν into the µ−τ symmetric and anti-symmetric parts,
δM (1)ν ≡ δM sν + δMaν ≡
 δA δBs δBsδCs δD
δCs
+
 0 δBa −δBaδCa 0
−δCa
, (2.42)
with
δBs ≡ δB1 + δB2
2
, δBa ≡ δB1 − δB2
2
, (2.43a)
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δCs ≡ δC1 + δC2
2
, δCa ≡ δC1 − δC2
2
. (2.43b)
This decomposition is actually unique. For our current model with the expansion up to O(r), we
deduce from (2.40a)-(2.40b) and (2.42)-(2.43),
A0 = B0 = 0 , C0 = −D0 = (b−c)
2
(2−X)M10 . (2.44)
and
δA =
a2
M10
r , δD =
[(b+c)2(1−X) + bcX2]
(2−X)2M10 r ,
δBs =
a(b+ c)
2M10
r , δCs =
[2(b+c)2(1−X) + (b2+c2)X2]
2(2−X)2M10 r ,
δBa = − a(b− c)X
2(2−X)M10 r , δCa = −
(b2−c2)X
2(2−X)M10 r .
(2.45)
We find it useful to further decompose the µ−τ symmetric part into,
δM (s)ν ≡
δA δBs δBsδCs δD
δCs
 ≡
δA δBs δBsδEs δEs
δEs
+
0 0 0δE′s −δE′s
δE′s
 , (2.46)
with
δEs ≡ 1
2
(δCs + δD) =
(b+c)2
4M10
r , (2.47a)
δE′s ≡
1
2
(δCs − δD) = (b−c)
2X2
4(2−X)2M10 r . (2.47b)
Finally, we note that from (2.45) we can compute the ratio,
δBa
δCa
=
a
b+ c
, (2.48)
which only depends on the elements of the µ−τ symmetric Dirac mass-matrix mD, and agrees to
Eq. (2.35) at the end of Sec. 2.2.1 where this ratio was generally derived without invoking the explicit
form of MR and without making the r-expansion. As we will show in Sec. 6.1-6.2, this ratio is related
to the solar mixing angle via tan θs and is independent of the µ−τ breaking from the MR.
Before concluding this section, for clarity we summarize the key features of our approach together
all assumptions we have used. As explicitly stressed in Sec. 1 and at the beginning of Sec. 2, the
oscillation data (Table-1) strongly support the µ−τ symmetry as a good approximate symmetry of
the neutrino sector, rather than the lepton sector (due to the large mass-splitting between the (µ, τ)
leptons). Thus the natural realization of µ−τ symmetry is in the diagonal basis of left-handed leptons
(corresponding to a diagonal mass-matrix product MℓM
†
ℓ ), which can be easily realized by a proper
lepton flavor symmetry like Z3 [cf. Eq. (2.4)], so the measured PMNS mixing matrix V = UνL
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arises from diagonalizing the light neutrino mass-matrix. Because the µ−τ symmetric limit enforces
θ13 = 0 and thus vanishing Dirac CP-violation in the PMNS matrix, the Dirac CP-violation must
originate from the µ−τ breaking. On the theory ground, it is tempting to expect a common origin for
all CP-violations (although the Dirac and Majorana CP-phases appear differently in the low energy
light neutrino mass-matrix). With these key observations, we have conjectured that both discrete µ−τ
and CP symmetries are fundamental symmetries of the seesaw Lagrangian (respected by interaction
terms), and they are only softly broken, arising from a common origin; the only place for such a
soft breaking is the unique dimension-3 singlet Majorana mass-term for right-handed neutrinos. This
means that Dirac mass-matrix mD naturally respects µ−τ and CP symmetries, and only the singlet
Majorana mass-matrix MR can softly break them. This conjecture can hold for general neutrino
seesaw with three right-handed neutrinos. In our explicit formulation, we have chosen the minimal
neutrino seesaw [29, 30] (with two right-handed neutrinos added to the SM particle content) and
proved that the common origin of the soft µ−τ and CP breaking is uniquely characterized by a single
complex parameter in MR [cf. Eq. (2.29) in Sec. 2.2.1]. As explained above Eq. (2.3), the minimal
seesaw [29, 30] can be viewed as a useful effective theory of the general three neutrino seesaw with one
right-handed neutrino much heavier than the other two and thus being integrated out of the seesaw
Lagrangian (2.2). It serves as a good approximation as long as the lightest left-handed neutrino has
its mass much smaller than the other two (even if not exactly massless). We will further prove in
Sec. 6.3 that the general three-neutrino-seesaw under the µ−τ symmetry (Zµτ2 ) and hidden symmetry
(Zs2) also predicts a massless light neutrino, sharing the same feature as the minimal seesaw.
3. Model-Independent Reconstruction of Light Neutrino Mass
Matrix with µ−τ and CP Violations from Low Energies
In this section, we present themodel-independent reconstruction of the Majorana mass-matrix for light
neutrinos, in terms of the low energy observables (mass-eigenvalues, mixings angles and CP phases).
This reconstruction will be effectively expanded by experimentally well-justified small parameters up
to the next-to-leading order. Then, in the next section we can readily apply this to our soft-breaking
model (defined in Sec. 2.2), and systematically derive our model-predictions for the correlations among
the low energy observables as well as for the link to the leptogensis at seesaw scale.
3.1. Model-Independent Reconstruction Formalism
The 3× 3 Majorana mass-matrix for the light neutrinos takes the following form,
Mν ≡

mee meµ meτ
mµµ mµτ
mττ
 ≡

A B1 B2
C1 D
C2
 , (3.49)
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which is generally symmetric and complex. The matrix (3.49) can be diagonalized by a unitary
matrix V ,
V TMνV = Dν ≡ diag(m1, m2, m3) , or, Mν = V ∗DνV † , (3.50)
where the diagonal matrix Dν contains three real mass-eigenvalues for the three light neutrinos.
The mixing matrix V can be generally expressed as a product of three unitary matrices including a
CKM-type13 mixing matrix U plus two diagonal rephasing matrices U ′ and U ′′,
V ≡ U ′′UU ′ , (3.51)
with
U ′ ≡ diag(eiφ1 , eiφ2 , eiφ3) , U ′′ ≡ diag(eiα1 , eiα2 , eiα3) , (3.52a)
U ≡ U23U13U12 =
 cscx −sscx −sxe
iδD
ssca − cssasxe−iδD csca + sssasxe−iδD −sacx
sssa + cscasxe
−iδD cssa − sscasxe−iδD cacx
, (3.52b)
U23 ≡
1 0 00 ca −sa
0 sa ca
, U13 ≡
 cx 0 −sxeiδD0 1 0
sxe
−iδD 0 cx
, U12 ≡
cs −ss 0ss cs 0
0 0 1
, (3.52c)
where δD is the Dirac CP-phase. For notational convenience, we have denoted the three neutrino
mixing angles of the PMNS matrix as,
(θ12, θ23, θ13) ≡ (θs, θa, θx), (3.53a)
(like in [30]) in the above and in the rest of this paper. Consequently we further adopt the following
notations,
(ss, sa, sx) ≡ (sin θs, sin θa, sin θx) , (cs, ca, cx) ≡ (cos θs, cos θa, cos θx) . (3.53b)
The diagonal rephasing matrix U ′ contains three Majorana phases, but after extracting an overall
phase factor only two combinations of them persist (such as φ1− φ3 and φ2 − φ3), which correspond
to the two physical Majorana phases. The other three phases in U ′′ are associated with the flavor
eigenbasis of light neutrinos and are needed for the consistency of diagonalizing a given mass-matrix
Mν .
From the second relation of (3.50) we can fully reconstruct all the elements of the symmetric mass-
matrixMν in terms of the rephased mass-eigenvalues (m˜1, m˜2, m˜3) ≡ (m1e−i2φ1 , m2e−i2φ2 , m3e−i2φ3) ,
the mixing angles (θs, θa, θx), the Dirac phase δD, and the rephasing phases αi (which do not appear
in physical PMNS mixing matrix),
mee = e
−i2α1
[
c2sc
2
xm˜1 + s
2
sc
2
xm˜2 + s
2
xe
−2iδDm˜3
]
, (3.54a)
13Here, CKM stands for the Cabibbo-Kobayashi-Maskawa mixing matrix for the quark sector, including 3 mixing
angles and 1 Dirac CP-phase [12].
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mµµ = e
−i2α
2
[
(ssca − cssasxeiδD)2m˜1 + (csca + sssasxeiδD)2m˜2 + s2ac2xm˜3
]
, (3.54b)
mττ = e
−i2α3
[
(sssa + cscasxe
iδD)2m˜1 + (cssa − sscasxeiδD)2m˜2 + c2ac2xm˜3
]
, (3.54c)
meµ = e
−i(α
1
+α
2
)
[
cscx(ssca−cssasxeiδD )m˜1−sscx(csca + sssasxeiδD )m˜2+sasxcxe−iδDm˜3
]
, (3.54d)
meτ = e
−i(α
1
+α
3
)
[
cscx(sssa+cscasxe
iδD )m˜1−sscx(cssa−sscasxeiδD)m˜2−casxcxe−iδDm˜3
]
, (3.54e)
mµτ = e
−i(α2+α3)
[
(ssca − cssasxeiδD )(sssa + cscasxeiδD)m˜1
+ (csca + sssasxe
iδD)(cssa − sscasxeiδD )m˜2 − sacac2xm˜3
]
, (3.54f)
where only two Majorana phases among φ1,2,3 (hidden in the mass-parameters m˜1,2,3) are indepen-
dent since an overall phase factor (say eiφ3) can be taken out of U ′ and simply absorbed into the
diagonal rephasing-matrix U ′′. For the case with a vanishing mass-eigenvalue (such as m1 = 0 in
our present model defined in Sec. 2), only one independent phase combination [say ei(φ2−φ3)] is left.
If the light neutrino mass-matrix Mν respects µ−τ symmetry, we should have
meµ = meτ , mµµ = mττ . (3.55)
As discussed in Sec. 2.1, the µ−τ symmetry generally allows the relation meµ = pmeτ (with p = ± ).
But for p = − it can always be absorbed into the phase-matrix U ′′ by a simple shift α3 → α3+π [cf.
(3.54d)-(3.54e)]. (This shift also makes mµτ element flip a sign, but it does not affect the realization
of µ−τ symmetry and we can simply denote −mµτ by m′µτ .) Taking the three mass-eigenvalues
(m1, m2, m3) as independent experimental inputs without extra tuning, we can derive six mass-
independent equations from the general conditions in Eq. (3.55),
cscx
[
ssca − cssasxeiδD
]
e−iα2 = cscx
[
sssa + cscasxe
iδD
]
e−iα3 , (3.56a)
sscx
[
csca + sssasxe
iδD
]
e−iα2 = sscx
[
cssa − sscasxeiδD
]
e−iα3 , (3.56b)
sasxcxe
−iδDe−iα2 = −casxcxe−iδDe−iα3 , (3.56c)[
ssca − cssasxeiδD
]2
e−i2α2 =
[
sssa + cscasxe
iδD
]2
e−i2α3 , (3.56d)[
csca + sssasxe
iδD
]2
e−i2α2 =
[
cssa − sscasxeiδD
]2
e−i2α3 , (3.56e)
s2ac
2
xe
−i2α
2 = c2ac
2
xe
−i2α
3 . (3.56f)
The last three conditions (3.56d)-(3.56f) are not independent, since up to a trivial overall factor
(3.56d)-(3.56e) are just the squares of (3.56a)-(3.56b), respectively, and (3.56f) can be inferred from
(3.56a)-(3.56b) (cf. below), where we note θs 6= 0◦, 90◦ and θx 6= 90◦ due to the requirement of
neutrino data in Table-1. So we only need to solve (3.56a)-(3.56c). Since the data in Table-1 already
enforce θs 6= 0◦, 90◦ and θx 6= 90◦, we can deduce two equations from (3.56a)-(3.56b),
ca − saei(α2−α3) = 0 , (3.57a)
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[
sa + cae
i(α
2
−α
3
)
]
sx = 0 , (3.57b)
which together give,
sin(α3 − α2) = 0 , tan θa = cos(α3 − α2) , sx = 0 . (3.58)
The solution sx = 0 also holds Eq. (3.56c). Noting that tan θa > 0 for θa ∈ [0, π2 ] , we find that the
µ−τ symmetry results in the unique consistent solution,
(θa, θx) = (45
◦, 0◦) , α2 = α3 , (3.59)
which automatically holds (3.56f). The solution (3.59) is also the sufficient condition of realizing µ−τ
symmetry in Mν since we can readily deduce the condition (3.55) by substituting Eq. (3.59) into the
general reconstruction formulas (3.54b)-(3.54e).
Finally, we note that, as shown in the µ−τ symmetric solution (3.59), the solar mixing angle θs
is independent of the µ−τ symmetry and thus can take any value in the µ−τ symmetric limit. So
we need to go beyond the µ−τ symmetry for predicting θs (cf. Sec. 6.3), though this is not the main
concern of our present study.
3.2. Reconstruction with Normal Hierarchy Mass-Spectrum of Light Neutrinos
In this subsection we apply the general reconstruction formalism in Sec. 3.1 to to our model defined
in Sec. 2 where the light neutrino mass-spectrum exhibits the normal hierarchy (NH) pattern, m1 <
m2 < m3 , and has m1 = 0 [cf. Eq. (2.18a)]. As noted in Eqs. (2.20)-(2.21), the neutrino data
(Table-1) requires the small mass-ratio,
y ≡ m2
m3
=
√
δm221
δm231
≃
√
∆s
∆a
= 0.17 − 0.19≪ 1 , (3.60)
at 2σ level. From the relations in Eqs. (2.21)-(2.24) (with p¯ = +), we see that the small parameter
y is related to another small quantity r in the seesaw sector and we have y = O(r) ≪ 1 . So,
with m1 = 0 and y ≡ m2m
3
≪ 1 for the NH mass-spectrum, we can further simplify the general
reconstruction formula (3.54) as,
mee = m3e
−i2α¯
1
[
s2sc
2
xye
−i2φ
23 + s2xe
−i2δD
]
, (3.61a)
mµµ = m3e
−i2α¯2
[
y(csca + sssasxe
iδD)2e−i2φ23 + s2ac
2
x
]
, (3.61b)
mττ = m3e
−i2α¯
3
[
y(cssa − sscasxeiδD)2e−i2φ23 + c2ac2x
]
. (3.61c)
meµ = m3e
−i(α¯
1
+α¯
2
)
[
−ysscx(csca + sssasxeiδD)e−i2φ23 + sacxsxe−iδD
]
, (3.61d)
meτ = m3e
−i(α¯1+α¯3)
[
−ysscx(cssa − sscasxeiδD)e−i2φ23 − cacxsxe−iδD
]
, (3.61e)
mµτ = m3e
−i(α¯2+α¯3)
[
y(csca + sssasxe
iδD )(cssa − sscasxeiδD)e−i2φ23 − sacac2x
]
, (3.61f)
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where the Majorana phase φ1 disappears due to m1 = 0 . We have also absorbed an overall
redundant Majorana phase φ3 (from U
′) into the redefinition of αj (in U
′′), and the only remaining
independent Majorana phase is φ23 ,
α¯j ≡ αj + φ3 , φ23 ≡ φ2 − φ3 , (3.62)
where j = 1, 2, 3. In fact, for any minimal seesaw model the low energy physical PMNS mixing
matrix VPMNS only contains one independent Dirac phase δD and one independent Majorana phase
(denoted as φ23 here for NH mass-spectrum).
With these notations we may slightly rewrite the general µ−τ symmetric solution as follows,
(θa, θx)0 =
(π
4
, 0
)
, α¯20 = α¯30 , (3.63)
where the subscript “0” denotes the leading order (LO) results from the µ−τ symmetric limit.
Next, we will explicitly identify the µ− τ and CP violations from the reconstruction formula
(3.61). Since the existing neutrino data support the µ−τ symmetry prediction (3.63) as an excellent
approximation [cf. Table-1 and Eq. (1.1)], we are strongly motivated to treat the small µ−τ breakings,
δa ≡ θa − π
4
, δx ≡ θx − 0 , (3.64)
as the parameters of perturbative expansion. So we can systematically analyze these breakings under
the expansion of (δa, δx). For practical analysis it is enough to keep the expansion up to the next-
to-leading order (NLO), i.e., the linear order of (δa, δx). Besides (δa, δx), the other NLO parameters
for our current reconstruction analysis will include (δm2, δm3) and (δα¯1, δα¯2, δα¯3) . Since m1 ≡ 0
in our minimal seesaw model with NH mass-spectrum, there is no NLO correction to it. Also, we
will explicitly show in Sec. 4.1 that for our expansion for the current model, the LO mass for m2
vanishes (m20 = 0) as well, so we have, y ≡
m2
m3
=
δm2
m3
, where m2 = m20 + δm2 = δm2 . We
can introduce another small ratio z ≡ δm3
m30
= O(y) . In addition, as will be generally proven in
Sec. 6.2, the solar angle θs (≡ θ12) is independent of the soft µ−τ breaking and thus does not receive
any NLO correction. Furthermore, we note that the Dirac phase eiδD is always associated by the
small mixing parameter sx (≡ δx) and the remaining Majorana phase eiφ23 in our present minimal
seesaw model with NH mass-spectrum is always suppressed by the small mass-ratio y (≡ m2m
3
) , so
both phases only appear at NLO and thus receive no more correction at this order of expansion.
Finally, we can summarize all independent NLO parameters in our reconstruction analysis as follows,
( y, z, δa, δx, δα¯1, δα¯2, δα¯3 ) , (3.65)
with y ≡ m2
m3
=
δm2
m3
≃ δm2
m30
and z ≡ δm3
m30
= O(y) . Each of these parameters is defined as the
difference between its full value and zeroth-order value. In Sec. 4 we will use our soft µ−τ and CP
breaking model (defined in Sec. 2.2) to predict these deviations, especially the correlation between δa
and δx which will be probed at the upcoming neutrino experiments.
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Under the perturbation of (3.65), we expand the light neutrino mass-matrix (3.49) up to NLO,
Mν = M
(0)
ν + δM
(1)
ν + (higher orders)
≡

m
(0)
ee m
(0)
eµ m
(0)
eτ
m
(0)
µµ m
(0)
µτ
m
(0)
ττ
+

δm
(1)
ee δm
(1)
eµ δm
(1)
eτ
δm
(1)
µµ δm
(1)
µτ
δm
(1)
ττ
. (3.66)
The LO matrix M
(0)
ν and the NLO matrix M
(1)
ν can be explicitly derived from our reconstruction
formula (3.61). Let us first deduce the LO mass-matrix M
(0)
ν from (3.61), under the µ−τ symmetric
solution (3.63),
M (0)ν ≡

m
(0)
ee m
(0)
eµ m
(0)
eτ
m
(0)
µµ m
(0)
µτ
m
(0)
ττ
 ≡

A0 B0 B0
C0 D0
C0
 = 12m30e−i2α¯20
 0 0 01 −1
1
, (3.67)
where we have also matched to our notation of M
(0)
ν in (2.41). So, as expected, the zeroth order µ−τ
symmetric mass-matrixM
(0)
ν only contains an overall CP-phase e−i2α¯20 which has no observable effect
at this order and is needed only for consistency of the mass-diagonalization procedure (cf. Sec. 4.1).
From (3.67), it is clear that M
(0)
ν has the LO mass-eigenvalues (0, 0, m30) , while the mixing angle
θs is not fixed at this order.
Then, we derive elements of the NLO matrix M
(1)
ν from (3.61),
δm(1)ee ≡ δA = m30ys2s e−i2(α¯10+φ23) , (3.68a)
δm(1)µµ ≡ δC1 =
1
2
m30e
−i2α¯
20
[
yc2se
−i2φ
23 + z + 2δa − i2δα¯2
]
, (3.68b)
δm(1)ττ ≡ δC2 =
1
2
m30e
−i2α¯
20
[
yc2se
−i2φ
23 + z − 2δa − i2δα¯3
]
, (3.68c)
δm(1)eµ ≡ δB1 =
1√
2
m30e
−i(α¯10+α¯20)
[
−ysscse−i2φ23 + δxe−iδD
]
, (3.68d)
δm(1)eτ ≡ δB2 =
1√
2
m30e
−i(α¯10+α¯20)
[
−ysscse−i2φ23 − δxe−iδD
]
, (3.68e)
δm(1)µτ ≡ δD =
1
2
m30e
−i2α¯
20
[
yc2se
−i2φ
23 − z + i(δα¯2 + δα¯3)
]
, (3.68f)
where we have matched to our notation of δM
(1)
ν defined in (2.41). In the above formulas we have
input the µ−τ symmetric LO parameters or relations, m1 ≡ 0 , (θa0, θx0) = (π4 , 0) and α¯20 = α¯30
[Eq. (3.63)].
According to the definitions in (2.42), we can uniquely decompose the elements of δM
(1)
ν in (3.68)
as the µ−τ symmetric and anti-symmetric parts, δM (1)ν ≡ δM sν + δMaν , with their elements given
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by,
δBs ≡ δB1 + δB2
2
= − 1√
2
m30ysscs e
−i(α¯10+α¯20+2φ23) ,
δBa ≡ δB1 − δB2
2
=
1√
2
m30δx e
−i(α¯10+α¯20+δD) ,
δCs ≡ δC1 + δC2
2
=
1
2
m30e
−i2α¯20
[
yc2se
−i2φ23 + z − i(δα¯2 + δα¯3)
]
,
δCa ≡ δC1 − δC2
2
=
1
2
m30e
−i2α¯20 [2δa − i(δα¯2 − δα¯3)] ,
(3.69)
where we may further decompose δM
(s)
ν according to (2.46),
δEs ≡ 1
2
(δCs + δD) =
1
2
m30yc
2
s e
−i2(α¯
20
+φ
23
) ,
δE′s ≡
1
2
(δCs − δD) = 1
2
m30e
−i2α¯20 [z − i(δα¯2 + δα¯3)] .
(3.70)
In the next section, we will apply the above reconstruction formulas (3.66)-(3.70) to match with
(2.41)-(2.47) in our soft breaking model at the LO and NLO, respectively. From this, we can connect
the seesaw parameters with the low energy neutrino observables and derive quantitative predictions
of our soft breaking model.
Before concluding this section, we note that so far we have presented our reconstruction formalism
at the low energy scale. There are possible renormalization group (RG) running effects for the low
energy neutrino parameters when connecting them to the model predictions at the seesaw scale. Such
RG effects were extensively discussed in the literature [32]. The application to our present analysis is
straightforward. Below the seesaw scale, heavy right-handed neutrinos can be integrated out from the
effective theory and the seesaw mass-matrix Mν for light neutrinos obey the one-loop RG equation
(RGE) [32],
dMν
dt
=
1
16π2
[
α̂Mν + C
(
Mν(Y
†
ℓ Yℓ) + (Y
†
ℓ Yℓ)
TMν
)]
, (3.71)
where t = ln(µ/µ0) with µ the renormalization scale, C = −32 for the SM, and Yℓ denotes the
diagonal lepton Yukawa coupling matrix in the lepton mass-eigenbasis. For the SM, the coupling
parameter α̂ consists of
α̂ = −3g22 + 2(y2τ + y2µ + y2e) + 6(y2t + y2b + y2c + y2s + y2d + y2u) + λ
≃ −3g22 + 6y2t + λ , (3.72)
where (g2, yt, λ) stand for the SU(2)L weak gauge coupling, the top Yukawa coupling and Higgs self-
coupling, respectively, which are all functions of t at loop-level. Thus, the RGE for mass-eigenvalues
mj (j = 1, 2, 3) can be derived as [32],
dmj
dt
=
1
16π2
[
α̂ + 2 C y2τ Fj
]
mj , (3.73)
F1 = 2s2ss2a − 4sxsscssaca cos δD + 2s2xc2sc2a ,
22
F2 = 2c2ss2a + 4sxsscssaca cos δD + 2s2xs2sc2a ,
F3 = 2c2xc2a ,
where yτ = O(10−2) is the largest lepton Yukawa coupling. We see that the flavor-dependent term
on the RHS of (3.73) is suppressed by y2τ = O(10−4) relative to the universal α̂-term, and thus
completely negligible for the present study. Hence, from the RGE (3.73) we can express the running
of the mass-parameter mj from the scale µ0 to µ , to good accuracy,
mj(µ) = χ(µ, µ0)mj(µ0) , (3.74a)
χ(µ, µ0) ≃ exp
[
1
16π2
∫ t
0
α̂(t′) dt′
]
, (3.74b)
where t = ln(µ/µ0) . For current study we will set, (µ0, µ) = (MZ , M1) , where Z boson mass MZ
lies at the weak scale and the heavy mass M1 represents the seesaw scale.
For the minimal neutrino seesaw with NH mass-spectrum, 0 = m1 < m2 ≪ m3 , we note that
the zero-eigenvalue m1 and the ratio y ≡ m2m
3
do not depend on the RG running scale µ . So we
can derive the running of the two nonzero mass-parameters from weak scale to seesaw scale,
m̂2 ≡ m2(M1) = χ1m2(MZ) = y m̂3 , (3.75a)
m̂3 ≡ m3(M1) = χ1m3(MZ) , (3.75b)
χ1 ≡ χ(M1,MZ) , (3.75c)
and accordingly, ∆s(M1) = χ
2
1∆s(MZ) and ∆a(M1) = χ
2
1∆a(MZ) . The RG running factor χ1 ≡
χ(M1,MZ) can be evaluated numerically, and depends on the inputs of initial values for the weak
gauge coupling α2 = g
2
2/(4π) , the top-quark Yukawa coupling yt and the Higgs boson mass MH ,
via the combination α̂ in Eq. (3.72). The existing electroweak data gives, α−12 (MZ) = 29.57± 0.02 ,
mt = 173.1 ± 1.4GeV, and the Higgs mass range 115 6 MH 6 149GeV for the SM at 90%C.L.
[13, 33]. So the universal running factor χ(M1,MZ) is found to be around 1.3 − 1.4 for M1 =
1013 − 1016GeV and MH = 115 − 149GeV. In Sec. 4-5 this running effect will be numerically
computed for our analyses. Other running effects due to the leptonic mixing angles and CP-phases
are all negligible for the present study since their RGEs contain only flavor-dependent terms and are
all suppressed by y2τ = O(10−4) at least [32].
For the analyses in Sec. 4-5, we will first run the low energy neutrino parameters in the cur-
rent reconstruction formalism up to the seesaw scale M1 , and then match them with our model-
predictions. The relevant places for including such RG effects are just to replace the light neutrino
mass-eigenvalues (m2, m3) at the low scale by (m̂2, m̂3) at the seesaw scale M1 .
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4. Predictions of Neutrino Seesaw with Common Soft µ−τ
and CP Breaking
In this section we systematically derive the predictions of our common soft µ−τ and CP breaking
model (Sec.2.2) for the low energy neutrino observables by using the reconstruction formalism (in-
cluding the RG running effects) in Sec. 3. Especially, we will analyze the correlation between the two
small µ−τ breaking parameters δx (≡ θ13 − 0) and δa
(≡ θ23 − π4 ) . Other correlations of δx with
the Jarlskog invariant J or the 0νββ decays parameter |mee| are also analyzed.
4.1. Correlation between θ13 and θ23−45
◦
In this subsection, we first analyze a general feature of the NLO mass-matrix M
(1)
ν , which predicts
δx ∝ δa and imposes a lower bound on δx for any nonzero δa , independent of all details of the µ−τ
and CP breakings.
Inspecting the reconstruction formula (3.69), we see that δx and δa are only contained in the
µ−τ anti-symmetric parts δBa and δCa, respectively. Using these two formulas we compute their
ratio,
δBa
δCa
=
√
2δxe
−i(α¯
10
−α¯
20
+δD)
2δa − i(δα¯2 − δα¯3)
. (4.76)
On the other hand, from Eq. (2.48) [cf. also Eq. (2.35)], our soft breaking model predicts this ratio
to be real,
δBa
δCa
=
a
b+ c
≡ 1
k
, (4.77)
which does not depend on any detail of the µ−τ and CP breakings. According to our general proof
(cf. Sec. 6.2 for detail), this ratio k is related to the solar mixing angle θs via Eq. (6.151). So we can
rewrite (4.77),
δBa
δCa
=
pk√
2
tan θs , (4.78)
where pk = ± denotes the sign of k . So, from (4.77) and (4.78) we deduce two conditions,
δa = δx cot θs cos(α¯10 − α¯20 + δD)pk , (4.79a)
δα¯2 − δα¯3 = 2 tan(α¯10 − α¯20 + δD) δa . (4.79b)
Eq. (4.79a) shows that at this order the two small µ−τ breaking parameters are proportional to each
other, δx ∝ δa . Strikingly, due to | cos(α¯10 − α¯20 + δD)| 6 1 , we can further derive from (4.79a) a
generic lower bound on δx , for any nonzero δa,
δx > |δa| tan θs , (4.80)
where δx ≡ θ13 ∈ [0, π2 ] in our convention.
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We stress that the above derivation of (4.79a)-(4.80) depends only on the ratio of two µ−τ anti-
symmetric elements δBa/δCa in (4.76), and our model predicts this ratio as 1/k in (4.77), which
originates from the Dirac mass-matrix mD alone and does not depend on any detail of the µ−τ and
CP breakings. Hence, Eqs. (4.79a) and (4.80) reflect the general feature of our model.
4.2. Full NLO Analysis for Low Energy Neutrino Observables
In our model, both µ−τ and CP violations arise from a common origin in the seesaw Lagrangian,
characterized by the unique soft breaking parameter ζeiω (appearing at the NLO of our perturbative
analysis). Thus, the small µ−τ breaking parameters (δa, δx) as well as the low energy Dirac and
Majorana CP phases (δD, φ23) in the light neutrino mass-matrix are controlled by ζ and ω . In this
subsection, using the general reconstruction formalism (Sec. 3) for diagonalizing the light neutrino
mass-matrix at the NLO, we will systematically derive predictions of our model for these low energy
observables and their correlations.
Let us first have an examination on the reconstructed LO mass-matrixM
(0)
ν in (3.67). Comparing
the (3.67) with our model prediction (2.40a) at the same order, we can deduce,
m10 = 0 , m20 = 0 , m̂30 =
2(b− c)2
|(2−X)M10| , (4.81a)
ei2α¯30 = pr
2−X
|2−X| , (4.81b)
where we have evolved the relevant low energy mass-parameter in (3.67) up to its value at the seesaw
scale via (3.75), the symbol pr = ± denotes the sign of r as before, and α¯30 = α¯20 due to the µ−τ
symmetric solution (3.59). The fact that m̂30 is the largest mass-eigenvalue at the LO shows that
light neutrinos pose NH mass-spectrum in our model. Also, in this expansion the solar mixing angle
θs is not fixed at the zeroth order, and it will be determined at the NLO below.
We then inspect the light neutrino mass-matrix δM
(1)
ν at the NLO, as given by our soft breaking
model in Eqs. (2.42)-(2.47) and by our reconstruction formulas in Eqs. (3.68)-(3.70). We can match
the two sets of formulas for the µ−τ symmetric elements,
δA =
a2
M10
r = m̂30 y s
2
s e
−i2(α¯
10
+φ
23
) , (4.82a)
δBs =
a(b+c)
2M10
r = − 1√
2
m̂30 y sscs e
−i(α¯
10
+α¯
20
+2φ
23
) , (4.82b)
δEs =
(b+c)2
4M10
r =
1
2
m̂30 y c
2
s e
−i2(α¯20+φ23) , (4.82c)
δE′s =
(b−c)2X2
4(2−X)2M10 r =
1
2
m̂30e
−i2α¯
20 [z − i(δα¯2 + δα¯3)] , (4.82d)
and for µ−τ anti-symmetric elements,
δBa = − a(b− c)X
2(2−X)M10 r =
1√
2
m̂30δx e
−i(α¯
10
+α¯
20
+δD) , (4.83a)
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δCa = − (b
2−c2)X
2(2−X)M10 r =
1
2
m̂30e
−i2α¯
20 [2δa − i(δα¯2 − δα¯3)] , (4.83b)
where we have run the low energy mass-parameter m30 up to m̂30 at the seesaw scale M1 via
Eq. (3.75).
We first analyze the µ−τ symmetric Eqs. (4.82a)-(4.82d). Inspecting the model predictions for
(δA, δBs, δEs) on the left-hand-sides (LHS’s) of (4.82a)-(4.82c), we observe that (δA, δBs, δEs)
are all real. This requires the RHS’s of (4.82a)-(4.82c) to have vanishing imaginary parts. We thus
derive,
2(α¯10 + φ23) = n1π , α¯10 + α¯20 + 2φ23 = n2π , (4.84)
where n1π, n2π = 0, π (mod 2π). From these we have,
α¯10 + φ23 =
n1π
2
, α¯10 − α¯20 = nπ , (4.85)
where nπ = (n1−n2)π = 0, π (mod 2π). Then, we compute the ratio of (4.82a) and (4.82b), and
arrive at
tan θs = (−)n+1
√
2a
b+ c
, (4.86)
where we can always ensure tan θs > 0 , i.e., we set n = 1 for a/(b+ c) > 0 , and n = 0 for
a/(b+c) < 0 . We note that due to the NHmass-spectrum, we have a small parameter r = O(m2/m3)
in our present model [cf. (2.18a) with p¯ = +] and a corresponding small parameter y ≡ m2/m3 in
our reconstruction formalism [cf. (3.60)]. As a result of expanding r and y in the NH scheme, it is
clear that the solar mixing angle θs is not fixed from the LO mass-matrix M
(0)
ν in (2.40a) or (3.67),
but determined at the NLO as above. (In Sec. 6.1-6.2 we will generally prove that the θs formula
(4.86) actually does not depend on the inclusion of µ−τ and CP violations at the NLO.)
Comparing (4.86) with the tan θs in (4.77)-(4.78), we can fix the sign of k as pk = (−)n+1 .
With the second relation of (4.85), we can further simplify (4.79a)-(4.79b) as
δa
δx
= − cot θs cos δD , (4.87a)
δα¯2 − δα¯3 = 2 tan δD δa , (4.87b)
where the sign of (4.87b) does not depend on the choice of n . Since our convention already ensures
cot θs and δx (≡ sin θx) to be both positive, the sign of the deviation δa just equals the sign of
− cos δD .
With Eqs. (4.81a) and (4.84)-(4.85), we can further solve from Eqs. (4.82a)-(4.82d),
a2 = (−)n1s2sm̂30M10Y , (4.88a)
a(b+ c) = (−)n2+1
√
2 sscsm̂30M10Y , (4.88b)
(b+ c)2 = (−)n12c2sm̂30M10Y , (4.88c)
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(b− c)2 = 1
2
|(2 −X)M10|m̂30 , (4.88d)
where for convenience we have defined a ratio,
Y ≡ y
r
= O(1) . (4.89)
Since M10Y = yM22 > 0 and a
2, (b+ c)2 > 0 , we deduce, n1 = 0 , which further leads to n2 = −n
[cf. the comment below (4.85)]. With these we can solve the expressions for (a, b, c) ,
a = (−)n2+1p+ss
√
m̂30M10Y , (4.90a)
b+ c = p+cs
√
2m̂30M10Y , (4.90b)
b− c = p−
√
1
2
|(2−X)M10| m̂30 , (4.90c)
where p± = ± denotes the signs of b± c . Combining Eqs. (4.81) and (4.82d), we derive,
X2
4(2−X) r = z − i (δα¯2 + δα¯3) , (4.91)
which can be decomposed into real and imaginary parts,
z =
|X|2
4|2−X|2 (2 cos 2ω − |X| cos ω) r , (4.92a)
δα¯2 + δα¯3 = −
|X|2
4|2−X|2 (2 sin 2ω − |X| sinω) r . (4.92b)
Next, we analyze the µ−τ anti-symmetric equations (4.83a)-(4.83b) for δM (1)ν . With Eqs. (4.81b),
(4.90) and (4.84)-(4.85), we can rewrite (4.83a)-(4.83b) as
p+p−(−)n2−n
2
∣∣∣∣X2Y2−X
∣∣∣∣
1
2
ei(ω+δD)ss r = δx , (4.93a)
−p+p−
∣∣∣∣X2Y2−X
∣∣∣∣
1
2
eiω cs r = 2δa − i(δα¯2 − δα¯3) . (4.93b)
Taking the ratio of the two sides of (4.93a)-(4.93b) and making use of (4.87b), we deduce
δa
δx
= (−)n−n2+1 cot θs cos δD , (4.94)
which is consistent with Eq. (4.87a) due to n2 = −n as we derived below Eq. (4.88). Then, we may
rewrite (4.85) as
α¯10 = − φ23 , α¯20 = − nπ − φ23 , (4.95)
where we have used n1 = 0 derived below (4.88). With this we can derive, from (4.81b), the
Majorana phase angle φ23 in terms of the original soft CP-breaking phase angle ω ,
tan 2φ23 =
ζ sinω
2r − ζ cosω . (4.96)
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Then, from Eq. (4.93) we finally solve,
δD = 2π − ω , (4.97a)
δx =
1
2
∣∣∣∣X2Y2−X
∣∣∣∣
1
2
ss|r| , (4.97b)
δa = −1
2
∣∣∣∣X2Y2−X
∣∣∣∣
1
2
cos δD cs|r| , (4.97c)
δα¯2 − δα¯3 = −
∣∣∣∣X2Y2−X
∣∣∣∣
1
2
sin δD cs|r| , (4.97d)
where we have defined the phase angles ω, δD ∈ [0, 2π) and the mixing angles (θs, θa, θx) ∈ [0, π2 ],
which requires the sign product p+p−pr = + for consistency. From (4.97) we can reproduce the
relations (4.87a)-(4.87b) in Sec. 4.1. Furthermore, using (4.97b)-(4.97c) we can explicitly express δx
and δa in terms of r and ζ ,
δx =
√
y ss ζ
2 [ζ2 − 4rζ cos δD + 4r2]
1
4
, (4.98a)
δa =
−√y cs cos δD ζ
2 [ζ2 − 4rζ cos δD + 4r2]
1
4
, (4.98b)
where y ≡ m2m3 ≃
√
∆s/∆a , δD ∈ [0, 2π) and 0 < ζ < 1 in our convention. Since ζ2− 4rζ cos δD+
4r2 = (2r − ζ cos δD)2 + (ζ sin δD)2 > 0 , so the denominators in (4.98) are well-defined.
It is useful to note that reversing (4.98a) we may resolve the seesaw parameter r as a function of
ζ and δD ,
r =
ζ
2
[
cos δD ±
√
s4s
16
y2ζ2
δ4x
− sin2 δD
]
, (4.99)
where the parameters ss (= sin θ12) , y
(
=
m
2
m
3
≃√∆s/∆a ) and δx (= θ13) have been measured
by the oscillation experiments (Table-1). The square-root in (4.99) has to be real, so we have the
condition,
ζ >
4 δ2x
s2s y
| sin δD| , (4.100)
which will put a lower bound on ζ for nonzero δx and sin δD .
Inputting the neutrino data for θs and (∆s, ∆a) in Table-1 and scanning the phase angle δD ∈
[0◦, 360◦) , we can plot θ13 (≡ δx) and θ23 − 45◦ (≡ δa), from (4.98a)-(4.98b), as functions of the
parameters ζ and δD . This is shown in Fig. 1 with the experimental inputs varied within 90%C.L.
ranges and with the natural regions of |r|, ζ ∈ [0, 0.6] . Inspecting Fig. 1a and Fig. 1c, we see that for
ζ ∈ [0, 0.6] , an upper bound θ13 . 6◦ holds for most of the parameter space. Fig. 1b depicts how
the deviation θ23− 45◦ behaves as a function of ζ via Eq. (4.98b) in which all measured observables
are constrained by the 90%C.L. data and the variable ζ needs to ensure that θ13 (δx) obeys the
current oscillation limits (Table-1) via Eq. (4.98a). As a result, we see that both Fig. 1a and Fig. 1b
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Figure 1: The predictions of θ13 and θ23−45◦ as functions of the soft µ−τ breaking parameter ζ and
CP-phase angle δD, are shown in the upper plots (a)-(b) and lower plots (c)-(d), respectively. The
experimental inputs are scanned within 90%C.L. ranges and the Dirac phase angle δD ∈ [0◦, 360◦) ,
with 2000 samples. The shaded region (yellow) denotes the current bounds (90%C.L.) on θ23 − 45◦
according to Table-1.
confined our parameter space into ζ & 0.1 region. We further note that in Fig. 1d there is a positive
peak-region of θ23−45◦ for the parameter space 120◦ . δD . 220◦ ; but Fig. 1c requires that around
the same range of δD the θ13 is much suppressed, and the two peak-regions of θ13 in Fig. 1c around
δD ∼ 50◦ and δD ∼ 310◦ just correspond to the negative deviation, θ23 − 45◦ < 0 .
With (4.98a)-(4.98b) we can plot the correlation between the two µ−τ breaking mixing angles θ13
and θ23 − 45◦ . This is shown in Fig. 2, where we have varied the measured parameters within their
90%C.L. ranges and the Dirac-phase angle δD ∈ [0◦, 360◦) , as well as ζ, r ∈ [0, 0.6] . The current
90%C.L. limits on θ13 are shown by the shaded region (yellow), while the θ13 sensitivities of the
upcoming Double Chooz [14], RENO [16] and Daya Bay [15] experiments to are shown by the three
horizontal (red) lines at 90%C.L., as 5.0◦, 4.1◦ and 2.9◦ (from top to bottom), based on three years
of data-taking. From Fig. 2, we see that our model generally predicts θ13 . 6
◦ ; the Double Chooz
experiment [14] could marginally probe the predicted θ13 and the RENO experiment [16] can be a
better job. The NOνA experiment [17] is also expected to probe θ13, with a sensitivity of θ13 ≃ 4.4◦ ,
slightly lower than RENO. It is clear that the Daya Bay experiment [15] holds the best sensitivity
and can probe the large central region of our predicted parameter space. (For more details of the
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Figure 2: The correlation between θ13 and θ23 − 45◦, based on Eqs. (4.98a)-(4.98b), where we have
scanned the experimental inputs within 90%C.L. ranges and the Dirac-phase angle δD ∈ [0◦, 360◦) ,
with 2000 samples. The sensitivities of Double Chooz [14], RENO [16] and Daya Bay [15] experiments
to θ13 are shown by the three solid horizontal lines at 90%C.L., as 5.0
◦, 4.1◦ and 2.9◦ (from top
to bottom), based on three years of data-taking; the dashed horizontal line gives Daya Bay’s future
sensitivity (2.15◦) after six years of running [42].
experimental sensitivities to θ13 , see a nice comparative analysis in [42].)
We note that the sharp edges on the two sides of the allowed parameter space in Fig. 2 are
essentially determined by the lower bound given in (4.80), δx > |δa| tan θs , where the measured
parameter tan θs ∼ 0.67 (Table-1) just corresponds to the slopes of the sharp edges which are nearly
straight lines. This means that for any measured value of θ23 − 45◦ 6= 0 , the Fig. 2 imposes a lower
bound on θ13, which will be probed by the θ13 experiments such as Daya Bay and RENO. This is
a really interesting and encouraging prediction for the upcoming neutrino oscillation experiments
which will probe the µ−τ violating observables θ13−0◦ and θ23−45◦ to much higher precision.
Note that the current oscillation data already favor the central values of θ23 to be smaller than 45
◦
(Table-1) and this feature is quite robust (cf. footnote-2 and Ref. [7]). Hence, our findings strongly
encourage the experimental efforts (such as MINOS [20] and T2K [18]) to further probe θ23 as precise
as possible, hopefully to the similar level of accuracy as the present θ12 measurement.
Next, we analyze our model predictions for the low energy CP-violation (via Jarlskog invariant)
and the neutrinoless double beta decays (via the element |mee| ofMν). In our construction (Sec. 2.2),
the original soft breaking CP-phase eiω is the source of both low energy Dirac and Majorana CP-
violations via the phase angles δD and φ23 .
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Figure 3: Correlations of θ13 (in degree) with the Jarlskog invariant J [plot-(a)] and with the
neutrinoless-doublet-beta-decay observable Mee [plot-(b)]. Each plot has computed 1500 samples.
The Dirac CP-phase δD will manifest itself in Jarlskog invariant J while both δD and the Majorana
CP-phase φ23 will appear in the neutrinoless double beta decay observable |mee| . The Jarlskog
invariant J can be written as [27],
J ≡ 1
8
sin 2θs sin 2θa sin 2θx cos 2θx sin δD =
δx
4
sin 2θs sin δD +O(δ2x, δ2a) , (4.101)
where as defined earlier, δx ≡ θx and δa ≡ θa − π4 .
Then we analyze the neutrinoless double-beta decay. Our model predicts the NH mass-spectrum
with m1 = 0, so from (3.61a) we can derive the mass-matrix element |mee| for neutrinoless double
beta decays,
Mee ≡ |mee| =
∣∣∣∑V ∗ej2mj∣∣∣
= m3
∣∣∣y s2sc2xe−i2φ23 + s2xe−i2δD ∣∣∣
≃ m3
√
y2s4s + 2yδ
2
xs
2
s cos 2(δD−φ23) + (δ4x − 2s4sy2δ2x) . (4.102)
From Eqs. (4.95),(4.97a) and noting α¯20 = α¯30 , we derive the phase-angle combination,
(δD − φ23) = (α¯30 − ω) + (2 + n)π . (4.103)
Thus, we can compute, by using Eq. (4.81b),
cos 2(δD−φ23) =
ℜe [pre−i2ω(2−X)]
|2−X|
=
2r cos 2δD−ζ cos δD√
ζ2−4rζ cos δD+4r2
, (4.104)
where we have used the solution ω = 2π − δD in (4.97a).
In Fig. 3a we show the correlation between θ13 and the Jarlskog invariant J , and in Fig. 3b the
neutrinoless doublet beta decay observable Mee (≡ |mee|) depicted. In plotting this figure, we have
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Figure 4: The mass ratio M2/M1 of right-handed heavy neutrinos as a function of the soft µ−τ
breaking parameter ζ , with the experimental inputs varied within 90%C.L. ranges [plot-(a)] and 2σ
ranges [plot-(b)], respectively. Each plot has computed 2000 samples.
used Eq. (4.98a) where θ13 is taken as a function of r and ζ. All other measured parameters in the
formulas of θ13, J and Mee are scanned within their 90%C.L. ranges, while the Dirac CP-phase δD is
varied in [0, 2π). The shaded region (yellow) in this figure is allowed by the current data at 90%C.L.
From Fig. 3(a), we see that a nonzero J can place a lower bound on θ13 in our model. This is because
| sin δD| 6 1 and thus we can deduce from Eq. (4.101),
δx >
4|J |
sin 2θs
. (4.105)
Fig. 3(b) shows an upper bound Mee . 3.4meV which is quite small (as commonly expected for
schemes with NH mass-spectrum) and poses a challenge to the future neutrinoless double beta decay
experiments [31].
4.3. Analysis of Seesaw Parameter Space
In this subsection, we further analyze the allowed seesaw parameter space, which will also be needed
for our leptogenesis analysis in Sec. 5.
The mass-eigenvalues of the right-handed neutrinos can be directly derived from diagonalizing
the Hermitian matrix MRM
†
R or M
†
RMR, under the expansion of ζ and r ,
14
M1 ≃ M22
[
r2 − rζ cosω + 1
4
ζ2
] 1
2
, (4.106a)
M2 ≃ 2M22
[
1− 1
4
(2r + ζ cosω)
]
. (4.106b)
So we derive the mass ratio,
M2
M1
≃ 4− (2r + ζ cosω)√
(2r − ζ cosω)2 + ζ2 sin2 ω
. (4.107)
14We can also diagonalize the complex matrix MR by using the unitary transformation matrix VR , as shown in
Appendix-A.
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As shown in Eq. (4.99), the seesaw parameter r can be resolved as a function of ζ and ω with
(ss, y, δx) from the oscillation data. In Fig. 4 we plot the ratio M2/M1 as a function of the µ−τ
breaking parameter ζ , where we have scanned the parameter space ω ∈ [0, 2π) . As we noted earlier
in Eq. (2.23a), the neutrino data already favors M2/M1 ≫ 1 . For our leptogenesis study in Sec. 5
we will also require M2/M1 > 5 (as indicated by the (red) horizontal line in Fig. 4), so that lepton
asymmetry is mainly produced by the decays of the lighter right-handed Majorana neutrino with
mass M1.
HaL
0 100 200 300 400 500
1013
1014
1015
1016
Èb+cÈ HGeVL
M
1
HG
eV
L
HbL
0 100 200 300 400 500
1013
1014
1015
1016
Èb-cÈ HGeVL
M
1
HG
eV
L
HcL
1013 1014 1015
1013
1014
1015
1016
1017
1018
M1 HGeVL
M
2
HG
eV
L
Figure 5: Seesaw scale M1 as a function of the elements |b ± c| in the Dirac mass-matrix mD is
shown in plot-(a) and (b), where the shaded regions correspond to the natural perturbative region
|b± c| ∈ [1, 300]GeV. This puts an upper bound, M1 6 1.4× 1015GeV, from plot-(b). The natural
parameter-space in the M1 −M2 plane is depicted in plot-(c), where the shaded region is bounded
from the right by the upper limit of M1 as inferred from plot-(b) and from the left by the lower limit
of M1 as imposed by (5.127) via the leptogenesis in Sec. 5.2.
From Eqs. (4.88c), (4.88d), (4.106a) and (4.97a), we can connect the seesaw scale M1 to the
element of Dirac mass-matrix mD ,
M1 ≃ (b+ c)
2
2c2sm̂2
[
r2 − rζ cos δD + 1
4
ζ2
] 1
2
(4.108a)
≃ (b− c)
2
m̂3
, (4.108b)
where the Dirac mass-parameters, b± c = (yb± yc)v/
√
2 , arise from the Yukawa interactions (with
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couplings yb and yc for b and c , respectively), and the seesaw parameter r is given by Eq. (4.99).
Thus, we can plot M1 as a function of the magnitude of the Dirac mass-parameters |b ± c| in
Figs. 5a and 5b, where we have input the measured quantities in their 90%C.L. ranges and scanned
the allowed parameter space for (ζ, δD), with 1200 samples.
We note that the Yukawa couplings yb and yc cannot be too small (to avoid excessive fine-tuning)
or too large (to keep valid perturbation). So, we will take the Dirac mass-parameters |b± c| in the
natural range [1, 300] GeV, corresponding to the Yukawa coupling yj ’s no smaller than O(10−2) and
no larger than O(yt), where yt =
√
2mt/v ≃ 1 is the top-quark Yukawa coupling in the SM. This
natural perturbative range of |b± c| is indicated by the shaded area in Figs. 5a-b, which results in
an upper limit on the seesaw scale M1 due to the perturbativity requirement. We see that Fig. 5b
puts a much stronger bound on M1 than Fig. 5a because Eq. (4.108a) has much larger uncertainties
due to scanning the parameter-space of ζ and δD . We may also resolve M1 from Eq. (4.88a), so
M1 is expressed in terms of the Dirac mass-parameter a ,
M1 ≃ a
2
s2sm̂2
[
r2 − rζ cos δD + 1
4
ζ2
] 1
2
, (4.109)
which has similar uncertainties to Eq. (4.108a) and thus does not provide better constraint on M1 .
Using the eigenvalue formulas (4.106a)-(4.106b), we have further plotted the viable parameter-
space in the M1 −M2 plane, as shown in Fig. 5c with 1200 samples, where the shaded region is
bounded from the right by the upper limit of M1 as inferred from Fig. 5b and from the left by the
lower limit of M1 as imposed by (5.127) via leptogenesis (which will be derived later in Sec. 5.2).
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5. Origin of Matter from Soft µ−τ and CP Breaking
In this section, we derive the predictions of our soft breaking seesaw model for cosmological matter-
antimatter asymmetry (baryon asymmetry) via thermal leptogenesis [24, 25]. We fully reconstruct the
leptogenesis CP-asymmetry from the low energy Dirac CP phase and establish the direct link between
the cosmological CP-violation and the low energy Jarlskog invariant. We analyze the correlations
of the leptogenesis scale with the low energy observables such as the leptonic Jarlskog-invariant J
[27] and neutrinoless double-beta decay parameter Mee [31]. We also deduce a lower bound on the
leptogenesis scale for producing the observed matter-antimatter asymmetry.
5.1. Matter-Antimatter Asymmetry via Leptogenesis in Neutrino Seesaw
The universe is populated exclusively with matter instead of antimatter, and the baryon density
nB (≫ nB ≃ 0 ) relative to the photon density nγ is found to be small but nonzero [26],
ηB ≡
nB − nB
nγ
= (6.21 ± 0.16) × 10−10 . (5.110)
Generating a net baryon asymmetry requires three conditions a´ la Sakharov [34]: (i) baryon number
violating interactions, (ii) C and CP violations, and (iii) departure from the thermal equilibrium.
The standard model (SM) could not provide the observed baryon asymmetry due to having too
small CP-violations from the CKM matrix and the lack of sufficiently strong first-order electroweak
phase transition [35]. But, in the seesaw extension of the SM, the thermal leptogenesis [24] has CP-
violation phases arisen from the neutrino sector and the lepton number asymmetry produced during
out-of-equilibrium decays of heavy Majorana neutrino Nj into the lepton-Higgs pair ℓH and its CP-
conjugate ℓ¯H∗. Since the nonperturbative electroweak sphaleron [36] interactions violate B + L [37]
but preserve B − L, the lepton asymmetry is partially converted to a baryon asymmetry [38, 39],
ηB =
ξ
f
NfB−L = −
ξ
f
NfL , (5.111)
where ξ is the fraction of B−L asymmetry converted to baryon asymmetry via sphaleron pro-
cess [38], ξ ≡ (8NF +4NH)/(22NF +13NH) with NF (NH) being the number of fermion gener-
ations (Higgs doublets). The SM has (NF , NH) = (3, 1) and thus ξ = 28/79 . The parameter
f = N recγ /N
∗
γ = 2387/86 is the dilution factor calculated by assuming standard photon production
from the onset of leptogenesis till recombination [39]. The contribution from decays of the heavier
right-handed neutrino (N2) will be washed out through the thermal equilibrium, only the lightest
one (N1) contributes effectively to the net lepton asymmetry so long as M1 ≪ M2. This is prac-
tically realized by requiring M2/M1 > 5 as indicated by the (red) horizontal line in Fig. 4. Note
that M2/M1 ≫ 1 is also consistent with the condition (2.23a) we derived in Sec. 2.1. Then, the net
contribution to lepton asymmetry NfL is given by [39],
NfL =
3
4
κf ǫ1 , (5.112)
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and thus we have the final baryon asymmetry,
ηB = −
3 ξ
4f
κf ǫ1 = −dκf ǫ1 , (5.113)
with d ≡ 3ξ/(4f) ≃ 0.96×10−2 . Here κf is an efficiency factor that depends on how much out-of-
equilibrium N1-decays are. It is deduced from numerically solving the Boltzmann equation [39, 40].
Practically, one can derive useful analytical formulas for κf by fitting the numerical solution of the
Boltzmann equation. For convenience, we will use the following fitting formula for κf [40],
15
κ−1f ≃
(
m1
0.55×10−3 eV
)1.16
+
3.3×10−3 eV
m1
, (5.114)
where
m1 ≡
(m˜†Dm˜D)11
M1
, (5.115)
and m˜D ≡ mDVR , with VR determined from the diagonalization of MR (cf. Appendix-A). The CP
asymmetry parameter ǫ1 can be expressed as
ǫ1 ≡
Γ[N1 → ℓH]− Γ[N1 → ℓH∗]
Γ[N1 → ℓH] + Γ[N1 → ℓH∗]
=
1
4πv2
F
(
M2
M1
) ℑm{[(m˜†Dm˜D)12]2}
(m˜†Dm˜D)11
, (5.116)
where v is the vacuum expectation value of the SM Higgs boson. Note that in the mass-eigenbasis of
(N1, N2) their Yukawa couplings and the corresponding effective Dirac mass-matrix m˜D (≡ mDVR)
violate CP due to the complexMR and thus its diagonalization matrix VR in our soft breaking model,
even though the original weak-basis Yukawa couplings and mD are real. It is this complex m˜D that
differs the decay width Γ[N1 → ℓH] from Γ[N1 → ℓH∗] . For the SM, the function F (x) in (5.116)
takes the form,
F (x) ≡ x
[
1− (1 + x2) ln 1 + x
2
x2
+
1
1− x2
]
(5.117a)
= − 3
2x
+O
(
1
x3
)
, for x≫ 1 . (5.117b)
As explained earlier, in our numerical analysis we will require the mass ratio M2/M1 > 5 , so we
see that (5.117b) is a rather accurate approximation to (5.117a).
5.2. Model Predictions for Leptogenesis
In the formulas (5.114) and (5.116), we have defined a mass matrix m˜D which is connected to the
original Dirac mass matrix mD ,
m˜D ≡ mDVR =

eiγ1
[
cRa+ sRe
iβa
]
eiγ2
[
cRe
iβa− sRa
]
eiγ1
[
cRb+ sRe
iβc
]
eiγ2
[
cRe
iβc− sRb
]
eiγ1
[
cRc+ sRe
iβb
]
eiγ2
[
cRe
iβb− sRc
]
 , (5.118)
15Other fitting formulas to the exact solution of κf also exist in the literature [39] and the resulted κf values are
quite close in the relevant range of m1.
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where the unitary matrix VR is given by (A.170a) in Appendix-A from the diagonalization of MR.
With this we compute,
(m˜†Dm˜D)11 ≃ (b− c)2 ≃ m̂30M1 , (5.119a)
(m˜†Dm˜D)12 = (a
2 + 2bc)(c2Re
iβ − s2Re−iβ)e−i(γ1−γ2)
= −ζ
2
m̂3M10
[
|Y | − 1
4
|2−X|
]
e−i(ω+γ1−γ2) . (5.119b)
Then, we can derive the parameter m1 in (5.115),
m1 ≃
(b− c)2
M1
≃ m̂30 ≃ χ1
√
∆a , (5.120)
as well as the imaginary part,
ℑm
{
[(m˜†Dm˜D)12]
2
}
≃ − ζ
2
4
m̂23M
2
10
[
|Y | − 1
4
|2−X|
]2 sinω (4r cosω − ζ)√
ζ2 − 4rζ cosω + 4r2 . (5.121)
With the data of Table-1 and using Eq. (5.120), we see that the light neutrino mass-parameter m1
falls into the range, 0.045 < m1 < 0.053 eV, at 3σ level. This means that in the formula (5.114) the
first term dominates κf and the second term is negligible.
Then, we further derive the CP-asymmetry parameter ǫ1 from (5.116),
ǫ1 ≃ −
m̂3M1
4πv2
3(4y −
√
ζ2−4rζ cos δD+4r2 )2
128(ζ2−4rζ cos δD+4r2) (4r cos δD−ζ) sin δD ζ
2 , (5.122)
where the solution (4.97a), ω = 2π − δD , is used to replace ω by δD . As expected, Eq. (5.122)
proves that in our model the leptogenesis CP-asymmetry ǫ1 is completely reconstructed from the the
low energy Dirac CP phase δD .
Combining the above formulas (5.113), (5.116), (5.117) and (5.122), we finally derive,
ηB
M1
= dκf
m̂3
4πv2
3
[
4y−
√
ζ2−4rζ cos δD+4r2
]2
128(ζ2−4rζ cos δD+4r2) (4r cos δD−ζ) sin δD ζ
2 , (5.123)
where we note ζ2−4rζ cos δD+4r2 = (2r−ζ cos δD)2+ζ2 sin2δD > 0 . As WMAP data (5.110) requires
the baryon asymmetry ηB to be positive, we have the constraint,
(4r cos δD−ζ) sin δD > 0 . (5.124)
Substituting the expression (4.99) into the positivity conditions (5.124), we derive the following the
allowed regions of δD with possible constraints after a systematical analysis (cf. Appendix-B),
for r = r+ = r− ,
δD ∈
(
0,
π
4
)
∪
(
3π
4
, π
)
∪
(
5π
4
,
7π
4
)
; (5.125a)
for r = r+ 6= r− ,
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Figure 6: Pictorial summary of all constraints (5.125a)-(5.125c) from the positivity condition (5.124)
is depicted in each octant of the CP-phase δD ∈ [0, 2π) , where the octants checked by X au-
tomatically hold this condition, the octants checked by × have no solution, the octants checked
by > subjects to the condition cos2 δD >
4
s4s
δ4x
y2ζ2 , and those checked by < are constrained by
cos2 δD <
4
s4s
δ4x
y2ζ2 . The radial solid-lines in each circle denote the corresponding δD values which
automatically hold (5.124) and the radial dashed-lines correspond to the δD values excluded by the
positivity condition (5.124).
δD ∈
(
0,
π
4
]
∪
(π
4
,
π
2
)
>
∪
(
3π
4
, π
)
<
∪
(
π,
5π
4
)
>
∪
[
5π
4
,
3π
2
]
∪
(
3π
2
,
7π
4
)
<
; (5.125b)
for r = r− 6= r+
δD ∈
(
0,
π
4
)
<
∪
(
π
2
,
3π
4
)
>
∪
[
3π
4
, π
)
∪
(
5π
4
,
3π
2
)
<
∪
[
3π
2
,
7π
4
]
∪
(
7π
4
, 2π
)
>
; (5.125c)
where r+ (r−) corresponds to taking the plus (minus) sign in the formula (4.99). Also, the regions
with subscript “>” require imposing the condition cos2 δD >
4
s4s
δ4x
y2ζ2
, and those with subscript “<”
are constrained by the condition cos2 δD <
4
s4s
δ4x
y2ζ2 .
The positivity solution (5.125) is pictorially summarized in Fig. 6. We see that the values δD =
π
2
and δD = π are disallowed in all three cases (represented by dashed lines in Fig. 6). This feature
is reflected in Fig. 7a, in which a small region around δD ∼ π2 or δD ∼ π is excluded. The similar
feature will be exhibited more clearly by Fig. 11 in Sec. 5.2 later.
Using Eq.(4.99) we can eliminate r in terms of (ζ, ω) . Finally we can plot, in Fig. 7, the ratio
ηB/M1 as a function of Dirac CP-phase δD via Eq. (5.123), where all experimentally measured
quantities are scanned within their 90%C.L. range, for 2000 samples. We see that Fig. 7 shows a
robust upper bound,
ηB
M1
< 2× 10−23GeV−1 . (5.126)
Given the observed value of ηB in (5.110), we infer a lower bound for the leptogenesis scale M1 ,
M1 > (2.9 − 3.3) × 1013GeV , (5.127)
where the experimental value of ηB is varied within its 90%C.L. range.
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Figure 7: Ratio ηB/M1 is shown as a function of soft breaking parameter ζ in plot-(a) and as a
function of Dirac CP-phase δD in plot-(b), respectively, where all experimental inputs are scanned
within their 90%C.L. ranges, for 2000 samples.
5.3. Direct Link of Leptogenesis with Low Energy Observables
Since the successful leptogenesis puts an additional nontrivial constraint (5.125) on the parameter
space, we inspect the correlation of θ13 versus θ23 − 45◦ in Fig. 2. We find that it is now altered as
in Fig. 8, after we impose the condition (5.125) as well as M2/M1 > 5 . It is interesting to note that
the successful leptogenesis results in a general lower bound on the mixing angle θ13 , requiring
θ13 & 1
◦ , (5.128)
even for the region around θ23 = 45
◦ . This bound is still relatively weak due to the cubic power-
dependence of ηB ∝ ζ3 ∝ θ313 in (5.123) for the present NH mass-spectrum of our model, which
means ηB is not sensitive enough to the small mixing angle θ13 . Other extensions
16 of our minimal
model may lower the power-dependence of ηB on θ13 and thus enhance this lower bound.
Then, in Fig. 9 we replot the the correlations of θ13 with the Jarlskog invariant J and the
neutrinoless double beta decay observable Mee , respectively. This should be compared to Fig. 3
in Sec. 4.2, where leptogenesis is not required. We see that due to imposing the observed baryon
asymmetry, the parameter space around J ∼ 0 in Fig. 9a is significantly suppressed and more
samples are distributed along the upper left-wing (rather than the upper right-wing), while Fig. 9b
shows a clear lower bound on θ13.
Under successful leptogenesis, the correlation between J or Mee with the Dirac CP-phase δD
are plotted in Fig. 10. As expected, we see that there are two gaps around δD =
π
2 and δD = π ,
respectively. The first gap around δD =
π
2 is more significant. This is consistent with what we have
observed from Eq. (5.125) and Fig. 6 earlier, as discussed below Eq. (5.125).
16S.-F. Ge, H.-J. He, F.-R. Yin, work in preparation.
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Figure 8: The correlation between θ13 and θ23 − 45◦: all the inputs are the same as Fig. 2, except
requiring successful leptogenesis in the present figure, for 2000 samples.
HaL
-0.02 -0.01 0.00 0.01 0.02
0
2
4
6
8
J
Θ 1
3
HbL
2.0 2.5 3.0 3.5
0
2
4
6
8
Mee HmeVL
Θ 1
3
Figure 9: The correlations of θ13 with Jarlskog invariant J [plot-(a)] and with neutrinoless double
beta decay observable Mee [plot-(b)], where all the inputs are the same as Fig. 3, except requiring
successful leptogenesis in the present figure, for 1500 samples.
Finally, reversing Eq. (5.123) we can express the leptogenesis scale M1 in terms of baryon asym-
metry ηB and other physical parameters,
M1 =
4πv2
dκf m̂3
128(4r2−4rζ cos δD+ζ2)
3[4y−(4r2−4rζ cos δD+ζ2) 12 ]2
ηB
(4r cos δD−ζ) sin δD ζ2 . (5.129)
Since the low energy parameters J and Mee in Eqs. (4.101)-(4.102) are also predicted by our soft
breaking model as functions of (ζ, δD) and δx(= θ13), we see that they must correlate with the
leptogenesis scale M1. This is plotted in Fig. 11, and it shows a robust lower bound on M1, which
40
is consistent with (5.127), as we inferred from Fig. 7.
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Figure 10: Under successful leptogenesis, the CP-violation Jarlskog invariant J and the neutrinoless
double beta decay observable Mee are shown as functions of the Dirac CP-phase δD , where all
experimental inputs are varied within their 90%C.L. ranges, for 1500 samples.
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Figure 11: Correlation of the leptogenesis scaleM1 with the low energy Jarlskog invariant J [plot-(a)]
and the neutrinoless double beta decay observable Mee [plot-(b)] within 90%C.L. ranges, for 3000
samples.
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6. Beyond µ−τ Symmetry: Dictating Solar Mixing Angle
In this section we present a general analysis about the derivation of solar mixing angle and about
how to dictate it from a new minimal hidden symmetry in the seesaw Lagrangian. We have seen
in Eq. (4.86) that the solar mixing angle θs (≡ θ12) is fully determined by the elements of Dirac
mass-matrix mD based on the expansion of (r, ζ) up to NLO. In Sec. 6.1 we show how the formula
(4.86) can be derived in the µ−τ symmetric limit. This feature can be proven without expanding
the seesaw mass-matrix for light neutrinos (Sec. 6.2). Actually, we note that θs is controlled by an
extra new Z2 symmetry acting on the Dirac mass-matrix mD , as shown in Sec. 6.3.
6.1. Solar Mixing Angle from µ−τ Symmetric Mass Matrix
Here we first derive the solar mixing angle θs as given by Eq. (2.18b) earlier in the µ−τ symmetric
limit. Let us rewrite Eq. (2.16) as follows,
M
(0)
ν =
1
(2−r)rM22
2a2r a(b+ c)r a(b+ c)r(b− c)2 + 2bcr (b2 + c2)r − (b− c)2
(b− c)2 + 2bcr

≡
A0 B0 B0C0 D0
C0
, (6.130)
with an overline on (A0, B0, · · · ) to distinguish from the LO elements in Sec. 2.2 (where further
expansion in r was made). Thus we have,
A0 =
2a2
(2− r)M22 , B0 =
a(b+ c)
(2− r)M22 ,
C0 +D0 =
(b+ c)2
(2− r)M22 , C0 −D0 =
(b− c)2
rM22
.
(6.131)
As shown in Sec. 3.1, any µ−τ symmetric mass matrix can be diagonalized by a two-step rotation,
because of θ13 = 0 . First, we make a U23 rotation to partially diagonalize M
(0)
ν , with θ23 = 45
◦ (as
required by the µ−τ symmetry),
M
(0)′
ν ≡ U23(45◦)TM (0)ν U23(45◦) =

A0
√
2B0 0√
2B0 C0 +D0 0
0 0 C0 −D0
 (6.132)
where U23(θ) is introduced in Eq. (3.52c). Note that the above matrix M
(0)′
ν contains only a non-
diagonal 2 × 2 sub-matrix involving {12}-mixing. Second, we further diagonalize M (0)′ν via the
rotation U12 with mixing angle θs (≡ θ12) (which is independent of the µ−τ symmetry as noted at
the end of Sec. 3.1),
UT12M
(0)′
ν U12 = diag(m1, m2, m3) , (6.133)
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where U12 is introduced in (3.52b). Then, it is straightforward to derive
17 the mixing angle θs ,
tan 2θs =
2
√
2B0
A0 − (C0+D0)
, (6.134)
as well as the mass-eigenvalues,
m1,2 =
A0+C0+D0
2
1∓
√
1− 4[A0(C0+D0)− 2B
2
0]
(A0+C0+D0)2
, m3 = C0 −D0 . (6.135)
In this section, all mass-eigenvalues are analyzed at the seesaw scale though we have suppressed the
“hat” notation introduced around the end of Sec. 3.
Note that the minimal neutrino seesaw generally has vanishing determinant and thus,
0 = detM
(0)
ν =
[
A0
(
C0 +D0
)− 2B20] (C0 −D0) , (6.136)
which, for C0 6= D0 [as indicated in (6.131)], imposes a condition,
A0
(
C0 +D0
)
= 2B
2
0 . (6.137)
It is easy to verify this condition by explicitly inputting the LO predictions of (6.131). With (6.137)
we can readily deduce the mixing angle from (6.133) or (6.134),
tan θs = − A0√
2B0
, (6.138)
as well as the mass-eigenvalues from (6.134),
m1 = 0 , m2 = A0 +C0 +D0 , m3 = C0 −D0 . (6.139)
We may also derive the above mass-spectrum by a different way. From the trace of M
(0)
ν or M
(0)′
ν ,
we know the sum of three mass-eigenvalues, m1 + m2 + m3 = A0 + 2C0 , while Eq. (6.132) gives
m3 = C0 −D0 . So, we have m1 +m2 = A0 + C0 +D0 . The minimal seesaw must have vanishing
determinant of M
(0)
ν and thus m1m2m3 = 0 . Hence, we have, (m1, m2) = (0, A0 + C0 + D0) or
(m1, m2) = (A0+C0+D0, 0) . But to determine whether m1 or m2 equals zero will require explicit
derivation of the rotation matrix U12(θs) and eigenvectors, as we did above, which predicts m1 = 0 ,
corresponding to the NH mass-spectrum for light neutrinos.
Using the explicit form of the µ−τ and CP symmetric mass-matrix (6.130)-(6.131), we can readily
deduce the solar mixing angle from (6.138),
tan θs = −
√
2a
b+ c
, (6.140)
where by a proper phase shift α¯1 → α¯1 + nπ , we can simply convert (6.140) to (4.86) or (2.18b)
which always ensures tan θs > 0 . The formula (6.140) or (2.18b) also shows that solar angle θs
derived from the µ−τ symmetric mass-matrix M (0)ν is solely determined by the elements of the Dirac
17The expressions (6.134)-(6.135) agree with that given in Ref. [43] earlier for general µ−τ symmetric mass matrix.
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mass-matrix mD and is independent of the Majorana mass-matrix MR . Besides, since M
(0)
ν is real,
all CP phases are irrelevant here. Finally, substituting (6.131) into (6.139), we further derive the
mass-eigenvalues for light neutrinos in the µ−τ symmetric limit,
m1 = 0 , m2 =
2a2+(b+c)2
M22(2−r) , m3 =
(b− c)2
M22|r| , (6.141)
where we can always ensure m3 > 0 by absorbing the sign of r into the Majorana pahse e
iφ3 in U ′
[cf. Eqs. (3.50) and (3.52a)]. The mass formula (6.141) proves what we gave earlier in Eq. (2.18a) of
Sec. 2.1 under the µ−τ symmetric limit (with the sign choice p¯ = +).
6.2. Solar Mixing Angle Not Affected by Soft Breaking
In this subsection, we present a more general proof that the solar mixing angle θs is determined by
the zeroth order µ−τ symmetric mass-matrix M (0)ν only, independent of any µ−τ and CP breaking
parameter in either δM sν or δM
a
ν [cf. (6.142a) below]
18. According to the decomposition method
in Eqs. (2.31)-(2.32), we can uniquely split any mass-matrix Mν for light neutrinos into their µ−τ
symmetric and anti-symmetric parts,
Mν = M
s
ν +M
a
ν , (6.142a)
M sν = M
(0)
ν + δM
s
ν , M
a
ν = δM
a
ν , (6.142b)
where the superscripts s and a denote the µ−τ symmetric and anti-symmetric parts, respectively. The
µ−τ symmetric δM sν is due to small O(y) correction (related to solar mass-squared difference ∆m221),
and δMaν are induced by the µ−τ breaking effects characterized by the two small parameters δx and
δa . Since neutrino data require (y, δx, δa) to be small, it is enough to expand its mass-eigenvalues
(in Dν) and diagonalization matrix V up to the linear order of (y, δx, δa) for all practical purposes.
Thus, we write,
Dν ≡ Dsν + δDaν = (D(0)ν + δDsν) + δDaν , (6.143a)
V ≡ Vs + δVa = (V0 + δVs) + δVa , (6.143b)
where Vs corresponds to the µ−τ symmetric solution (3.59) at the end of Sec. 3.1,
Vs ≡ V (θs, θa = 45◦, θx = 0◦|α2 = α3) , (6.143c)
and δVa ∝ (δx, δa, α2 − α3) . From (6.143)-(6.143c), we derive the following,
Mν = (V
∗
s + δV
∗
a )Dν(V
†
s + δV
†
a )
= V ∗s DνV
†
s +
(
V ∗s DνδV
†
a + δV
∗
a DνV
†
s + δV
∗
a DνδV
†
a
)
. (6.144)
18A previous study [44] analyzed a perturbative violation of a general low energy µ−τ symmetric mass-matrix of
light neutrinos, it also noted that θ12 (and mass-eigenvalues) do not receive any µ−τ breaking correction. We thank
an anonymous referee for kindly bringing [44] to our attention.
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Since the decomposition (6.142a) is unique, so we can deduce,
M sν = V
∗
s DνV
†
s , (6.145a)
δMaν = V
∗
s DνδV
†
a + δV
∗
aDνV
†
s + δV
∗
aDνδV
†
a
= V ∗0 D
(0)
ν δV
†
a + δV
∗
a D
(0)
ν V
†
s +O(δ2j ) , (6.145b)
where δj denotes the generic NLO parameters under consideration (such as δx, δa and y, etc).
A key point here is to note that the µ−τ symmetric solution (3.59) does not restrict θs and thus
there is no need to expand θs in Vs (despite the µ−τ breaking parameters are small). Hence, we can
determine θs by simply solving Vs from the diagonalization equation (6.145a). In Sec. 6.1, we have
used Vs to diagonalize the µ−τ symmetric mass-matrix M (0)ν ≡M sν |ζ=0 and found that the formula
of θs is determined by mD only, but independent of MR. Now with full M
s
ν |ζ 6=0 , we will prove that
the formula of θs remains unchanged.
Inspecting the general form of M sν ,
M sν =
A Bs BsCs D
Cs
 , (6.146)
we can diagonalize it by the rotation U23(45
◦),
M s′ν ≡ U23(45◦)TM sν U23(45◦) =

A
√
2Bs 0√
2Bs Cs+D 0
0 0 Cs−D
 . (6.147)
Then the remaining {12} sub-block can be readily diagonalized by the rotation U12(θs) with
tan θs = − A√
2Bs
, (6.148)
which extends Eq. (6.138) with the ζ 6= 0 effects included. The elements of (6.146) can be directly
inferred from the complete seesaw mass-matrix (2.38a), without any expansion,
A =
a2(2−X)
(2−r−X)M22 =
(2−r)(2−X)
2(2−r−X) A0 , (6.149a)
Bs =
a(b+c)(2−X)
2(2−r−X)M22 =
(2−r)(2−X)
2(2−r−X) B0 , (6.149b)
Cs +D =
(b+c)2(2−X)
2(2−r−X)M22 =
(2−r)(2−X)
2(2−r−X) (C0 +D0) , (6.149c)
where after the second equality of each equation we have used the µ−τ symmetric form in (6.130)-
(6.131). The relations (6.149a)-(6.149c) prove that the elements (A, Bs, Cs+D) differ from the LO
results (A0, B0, C0 +D0) only by a common overall factor which is irrelevant to the mixing angle
θs . With these, we explicitly deduce from (6.148),
tan θs = − A0√
2B0
= −
√
2a
b+c
, (6.150)
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in perfect agreement with Eqs. (6.138) and (6.140), which we derived earlier under the µ−τ symmetric
limit in Sec. 6.1. As noted below (6.140), making a proper phase-shift α¯1 → α¯1 + nπ , we always
ensure tan θs > 0 and thus θs ∈ [0, π2 ] . Thus we may rewrite (6.150) as
tan θs =
√
2|a|
|b+c| =
√
2
|k| , (6.151)
where we have used the definition of k ≡ (b+ c)/a as in (4.77).
This completes our proof that the solar mixing angle θs is not affected by the µ−τ breaking
and depends on the Dirac mass-matrix mD only. As a byproduct of the next subsection, we will
further reveal that this fact actually originates from the elegant feature of a new hidden symmetry
underlying the seesaw Lagrangian.
6.3. Beyond µ−τ Symmetry – A New Hidden Symmetry for θ
12
In Sec. 6.1-6.2, we have revealed that the solar mixing angle θs (≡ θ12) is fully determined by the
structure of the Dirac mass-matrix mD only, independent of the Majorana mass-matrix MR . In
particular, Eq. (6.151) shows that θs just depends on a ratio,
k ≡ b+ c
a
. (6.152)
Contemplating this striking feature, we wonder: Is this unique ratio k connected to any new hidden
symmetry underlying the structure of mD ?
The simplest such hidden symmetry we could possibly imagine is a new discrete Z2 symmetry
which we will denote as Zs2 to indicate its connection to the solar angle θs . Under this new Z
s
2
symmetry, we expect the three light neutrinos νL = (νe, νµ, ντ )
T transform in its 3-dimensional
representation and the right-handed neutrinos are just singlets (as the above ratio k is independent
of MR),
νL → Ts νL , N → N . (6.153)
If the hidden Zs2 is a fundamental flavor symmetry of our theory, it must keep the seesaw Lagrangian
(2.2) invariant under the transformation (6.153). This means,
T †smD = mD , (6.154)
where the Dirac mass-matrix mD respects the µ−τ and CP symmetries in our construction. Thus the
3× 3 unitary transformation matrix Ts should be real and orthogonal, T †sTs = T Ts Ts = I3 , with
I3 the 3× 3 unit matrix. Since Ts ∈ Zs2 , we must also have T 2s = I3 . Imposing these requirements
we can solve out Ts from the invariance condition (6.154),
Ts(k) =
1
2+k2
 2−k
2 2k 2k
2k k2 −2
2k −2 k2
 , (6.155)
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where k = b+ca as defined in (6.152). It is straightforward to explicitly verify that Ts(k) indeed
obeys the invariance equation (6.154) as well as the desired conditions,
T †sTs = T
T
s Ts = I3 , T 2s = I3 . (6.156)
Hence, Ts(k) does form a 3-dimensional real orthogonal representation of the hidden symmetry Z
s
2
in our seesaw Lagrangian (2.2), and the ratio k = b+ca is just the group-parameter of Z
s
2 .
We further note that the new Zs2 symmetry is also generally respected by the low energy seesaw
mass-matrix (2.3),
T Ts MνTs = T
T
s mDM
−1
R (T
T
s mD)
T = mDM
−1
R m
T
D = Mν . (6.157)
Revealing this hidden symmetry Zs2, we can now fully understand why solar mixing angle θs is not
affected by the Majorana mass-matrix MR and the soft µ−τ and CP breakings therein. This is
because, as determined in (6.151), the θs is generally protected by the hidden symmetry Z
s
2 via its
group parameter k , independent of the form of MR .
This is an intriguing and essential feature of our soft breaking seesaw model, which poses two
discrete flavor symmetries Zµτ2 ⊗ Zs2 in addition to the CP-invariance, among which Zµτ2 and CP
receive small soft breakings from a common origin in MR . The exact hidden symmetry Z
s
2 dictates
the solar angle θs (≡ θ12), while the common soft breaking of µ−τ and CP connects δx (≡ θ13) and
δa (≡ θ23−45◦) . Under the symmetry group Zµτ2 ⊗ Zs2 and using Eq. (6.151), we can reduce the
neutrino mixing matrix U(θs, θa, θx) in (3.52b) to
U(k) = U(θs, 45
◦, 0◦) =

cs −ss 0
ss√
2
cs√
2
−1√
2
ss√
2
cs√
2
1√
2
 =

|k|√
2+k2
−√2√
2+k2
0
1√
2+k2
|k|√
2(2+k2)
−1√
2
1√
2+k2
|k|√
2(2+k2)
1√
2
. (6.158)
We note that this Zs2 symmetry has a simple geometric interpretation. In the invariance equation
(6.154) the Dirac mass-matrix mD consists of two columns which can be viewed as two vectors, i.e.,
mD = (u1, u2) with u1 = (a, b, c)
T and u2 = (a, c, b)
T in a 3-dimensional coordinate frame. Then,
the invariance equation (6.154) just means the eigenvalue equations,
Tsu1 = u1 , Tsu2 = u2 . (6.159)
The vectors u1 and u2 must be linearly independent for any realistic mD , and thus determine a
plane S. The equation for the plane S reads,
x− 1
k
(y + z) = 0 , (6.160)
which is characterized by a single parameter k as defined in (6.152). For any other given vector u′ ,
so long as it lives in the plane S, it can be expressed as a linear combination of (u1, u2), and thus
is also an eigenvector of Ts , leading to Tsu
′ = u′ . If u′ lives outside the plane S, i.e., disobeys
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Eq. (6.160), then the transformation Ts reflects the vector u
′ respect to the plane S, as Tsu′ . Since
the plane S has the normal vector n⊥ = (k,−1,−1)/
√
2 + k2 perpendicular to itself, it is clear
that Tsn⊥ = −n⊥ holds. Then, we can project the vector u′ along the directions parallel and
perpendicular to the plane S, u′ = u′‖ + u
′
⊥ , so we have
Tsu
′ = Tsu′‖ + Tsu
′
⊥ = u
′
‖ − u′⊥ , T 2s u′ = u′ , (6.161)
where u′‖ lies in the plane S and is thus a linear combination of vectors (u1, u2) , while u
′
⊥ ∝ n⊥ .
Hence, Eq. (6.161) proves that the operation Ts does reflect the arbitrary vector u
′ respect to the
plane S, and u′ goes back to itself after applying Ts twice. It is clear that such transformations
form the 3-dimensional representation of a discrete Z2 group.
For the case of general seesaw with three right-handed neutrinos N = (N1, N2, N3)T , the Dirac
mass-matrix mD is extended to a 3×3 matrix which, under the µ−τ symmetry, takes the form,
m′D =
 a
′ a a
b′ b c
b′ c b
 (6.162)
where all elements are real due to CP-conservation. Now, to hold the invariance equation (6.154) we
just need the first column u3 = (a
′, b′, b′)T to live in the S plane. Thus the plane equation (6.160)
requires,
a′
2b′
=
a
b+ c
=
1
k
, (6.163)
under which the symmetry Zs2 holds for general three-neutrino-seesaw, and the solar mixing angle is
still determined by the group parameter k via Eq. (6.151). We note that the m′D in (6.162) contains
two more parameters (a′, b′) than the minimal seesaw form of mD , but the Z
s
2 symmetry requires
only one of them be independent due to the condition (6.163). Furthermore, from Eq. (6.163) we can
express u3 as a combination of (u1, u2),
u3 =
b′
b+ c
(u1 + u2) , (6.164)
which forces m′D to be rank-2 and thus detm
′
D = 0 . So, the corresponding seesaw mass-matrix for
light neutrinos,
M ′ν = m
′
DM
′−1
R m
′T
D , (6.165)
must have vanishing determinant because detM ′ν = (detm′D)
2(detM ′R)
−1 = 0 for any 3 × 3 heavy
Majorana mass-matrix M ′R . It is clear that this feature depends only on m
′
D .
Hence, we can state a general theorem: for the Zs2 symmetric seesaw Lagrangian, the Dirac
mass-matrix m′D is rank-2 at most, enforcing the seesaw mass-matrix M
′
ν to be rank-2, having zero
determinant and thus one zero-mass-eigenvalue19. This means that M ′ν shares a similar feature with
the minimal seesaw (including two right-handed heavy neutrinos), and they both have, m1m2m3 = 0 .
19The possibility of m′D or M
′
ν being rank-1 is already ruled out by the oscillation data where both ∆a and ∆s are
nonzero (Table-1), requiring at least two non-vanishing mass-eigenvalues for light neutrinos.
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Finally, we note that our Zs2 symmetry allows its group-parameter k to take different values, and
thus gives different values of the solar mixing angle θs . For instance, to predict the conventional
tri-bimaximal mixing [45] only needs to assign |k| = 2 in our construction, leading to tan θs = 1√2
( θs ≃ 35.3◦ ); while we can make another equally simple assignment of |k| = 3√2 to generate
tan θs =
2
3 ( θs ≃ 33.7◦) , which is well within the 1σ range of θs and agrees even better to its central
value in Table-1.
The hidden symmetry Zs2 points to a very encouraging direction although it is not yet powerful
enough to fix the group-parameter k on its own. We expect that at a higher scale the two elegant
discrete symmetries Zµτ2 ⊗ Zs2 can be unified into a larger flavor symmetry which is more restrictive
and thus fully fixes k . For instance, let us consider a larger group S4 [46], the permutation group
of four objects, which has five irreducible representations {1, 1′, 2, 3, 3′} , and assign the left-
handed neutrinos to 3 . With boldface superscript denoting a given irreducible representation, the
3-dimensional representations Gj (j = 2, 3) of S4 are,
G32 = G
3′
2 =
−
1
3
2
3
2
3
2
3 −13 23
2
3
2
3 −13
, G33 = −G3′3 =
 1 0 00 0 1
0 1 0
, (6.166)
and the G31 = G
3
2G
3
3 is non-independent. With these, we can thus identify,
G33 = −G3
′
3 = TL , (6.167a)
G32 = G
3′
2 = Ts(k = 2) , (6.167b)
where TL is the Z
µτ
2 transformation matrix we defined in (2.14). We note that Ts(k = 2) is just a
special case of our 3-dimensional representation Ts(k) of the hidden Z
s
2 symmetry, fixing k = 2 and
corresponding to the conventional tri-bimaximal ansatz [45], tan θs =
1√
2
, via our Eq. (6.151). This
also supports the previous studies of tri-bimaximal ansatz that leads to the S4 group [46].
Strikingly, our general construction of the hidden Zs2 symmetry contains the tri-bimaximal mixing
as a special case (k = 2) and allows deviations from it, e.g., as noted above, another simple choice,
k = 3√
2
, leads to tan θs =
2
3 with a better agreement to the measured value of θs (Table-1). This
direction will be further explored in a forthcoming publication [47].
7. Conclusions
The oscillation data have provided compelling evidence for the µ−τ symmetry as a good approximate
symmetry in the neutrino sector. The µ−τ symmetry requires vanishing mixing angle θ13 and thus
the Dirac CP-conservation. So, the µ−τ breaking term must be small and also serve as the source
of Dirac CP-violation. On the theory ground, it is natural and tempting to expect all CP violations
arising from a common origin, implying that both Dirac and Majorana CP violations vanish in the
µ−τ symmetric limit. In this work, based upon these we have conjectured that both discrete µ−τ
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and CP symmetries are fundamental symmetries of the seesaw Lagrangian (respected by interaction
terms) and are only softly broken from a common origin. Such soft breaking has to arise from a
unique dimension-3 Majorana mass-term of the heavy right-handed singlet neutrinos, as shown in
Sec. 2.2. This conjecture can hold for general seesaw with three right-handed neutrinos; we have
chosen the minimal neutrino seesaw [29] in Sec. 2 and shown that the soft µ−τ and CP breakings
are further characterized by a single complex parameter in the mass-matrix MR of right-handed
neutrinos [cf. (2.29)]. (In Sec. 6.3 we have proven that the general three-neutrino-seesaw under the
µ−τ symmetry Zµτ2 and hidden symmetry Zs2 also predicts a massless light neutrino, sharing the
same feature as the minimal seesaw.)
From this conceptually attractive and simple construction, we have predicted the soft µ− τ
and CP breaking effects at low energies. This gives the quantitative correlations between the two
apparently small deviations θ23− 45◦ (≡ δa) and θ13− 0◦ (≡ δx). For any nonzero θ23− 45◦ , we
can place a generic lower limit on the mixing angle θ13 in Eq. (4.80) of Sec. 4.1. This feature is
demonstrated in Fig. 2 (Sec. 4.2) without requiring leptogenesis, where θ13 is shown as a function of
the deviation θ23− 45◦ in its 90%C.L. range. Fig. 2 also predicts a new upper bound, θ13 . 6◦ , for
full range of θ23 . Adding the successful leptogenesis in Fig. 8 (Sec. 5.2) further predicts a nontrivial
lower bound, θ13 & 1
◦ , even for θ23 ∼ 45◦ . Fig. 2 and Fig. 8 quantitatively connects the on-going
measurements of mixing angle θ23 with the upcoming probe of θ13 at the Double-Chooz, Daya Bay,
T2K and NOνA experiments, etc. We note that the current measurements of θ23 already show an
interesting deviation from the maximal value 45◦ in its central value (due to the subleading effects
in the oscillation [7, 5]), but still has sizable errors which are larger than that of θ12 by a factor of
3 ∼ 4 and are also comparable to that of θ13 [cf. Table-1 and Eq. (1.1)]. Fig. 2 and Fig. 8 reveal
that a more precisely measured deviation θ23 − 45◦ will definitely put stronger lower limit on θ13 .
Hence, our findings strongly encourage experimental efforts to improve the precision of θ23 as much
as possible.
We have further derived the low energy Dirac and Majorana CP-violations from a common soft-
breaking phase associated with µ−τ breaking in the neutrino seesaw. In particular, the low energy
Dirac phase angle δD and Majorana phase angle φ23 are predicted in terms of the original soft
CP-breaking phase angle ω in MR , by Eqs.(4.97a) and (4.96), respectively. The correlations of
the low energy Jarlskog invariant J and neutrinoless double decay observable Mee with the mixing
angle θ13 are analyzed, as depicted in Fig. 3 (without requiring leptogenesis) and Fig. 9 (with suc-
cessful leptogenesis). Then, we studied the origin of matter (cosmological baryon asymmetry) via
leptogenesis, which leads to a robust lower bound on the leptogenesis scale, M1 & 3×1013GeV, as in
(5.127) of Sec. 5. We further analyzed the interplay between the leptogenesis scale M1 and the low
energy Jarlskog invariant J as well as the neutrinoless double-beta decay observable Mee , shown
in Fig. 11a-b.
Finally, we proved in Sec. 6.1-6.2 that the solar mixing angle θ12 is independent of the soft µ−τ
breaking and only depends on the structure of the Dirac mass-matrix mD as shown in Eq. (6.140) or
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(6.151). In Sec. 6.3, we further revealed a new hidden symmetry Zs2 that dictates the solar mixing
angle θ12 in terms of its group parameter k [cf. (6.151) and (6.155)]. The new Z
s
2 can further
hold for general three-neutrino-seesaw under the condition (6.163). This restricts the 3×3 Dirac
mass-matrix m′D to have only one more independent parameter than the corresponding mD in the
minimal seesaw. We further proved that the 3×3 Dirac mass-matrix m′D and the seesaw mass-
matrix M ′ν must be rank-2, predicting a zero mass-eigenvalue for M ′ν ; this same feature is also
shared in the minimal two-neutrino-seesaw (Sec. 2). In addition, we revealed that the conventional
tri-bimaximal mixing (TBM) ansatz [45] is realized as a special case of the Zs2 group with k = 2 ,
under which Zs2 ⊗ Zµ−τ2 [together with the GℓL symmetry for leptons in (2.4)] is naturally unified
into a larger group S4 (supporting previous S4 studies [46]). We note that the Z
s
2 symmetry allows
deviations from the TBM and a different choice of our group parameter k (such as k = 3√
2
) can
give a better agreement to the current data of θ12 . Further explorations along this direction will be
given elsewhere [47].
Note Added in Proof:
After the submission of this paper, a newly updated global analysis of solar, atmospheric, reactor
and accelerator neutrino data for three-neutrino oscillations appeared [48], which gives the following
fitted ranges of the low energy neutrino parameters at 1σ (3σ) level,
∆m221 =
[
7.59 ± 0.20 (+0.61−0.69)
]× 10−5 eV2 ,
∆m231 =
{
[+2.47 ± 0.12 (±0.37)] × 10−3 eV2 (NH),
[−2.36 ± 0.07 (±0.36)] × 10−3 eV2 (IH),
(7.168)
θ12 = 34.5 ± 1.0◦
(
+3.2◦
−2.8◦
)
, θ23 = 42.9
+4.1◦
−2.8◦
(
+11.1◦
−7.2◦
)
, θ13 = 6.8
+2.2◦
−2.8◦ (6 12.8
◦) ,
where the abbreviations NH and IH stand for the “normal hierarchy” (m1 < m2 < m3) and “inverted
hierarchy” (m1 ∼ m2 > m3) of light neutrino mass spectra, respectively. Since these updated values
change very little from the previous global fit summarized in our Table-1 [3], we find no visible
correction to all the numerical analyses presented in Figs. 1-11.
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Appendices
A. Mass Diagonalization for Right-handed Majorana Neutrinos
In this Appendix, we perform the mass-diagonalization for heavy right-handed Majorana neutrinos.
The Majorana mass matrix MR and its diagonal form DR are connected by the 2 × 2 unitary
rotation VR ,
V TRMRVR = DR ≡
(
M1 0
0 M2
)
, or, MR = V
∗
RDRV
†
R . (A.169)
The transformation matrix VR can be parametrized as
VR ≡ U ′′RURU ′R =
(
cRe
iγ
1 −sReiγ2
sRe
i(β+γ
1
) cRe
i(β+γ
2
)
)
, (A.170a)
UR =
(
cR −sR
sR cR
)
, U ′R =
(
eiγ1 0
0 eiγ2
)
, U ′′R =
(
1 0
0 eiβ
)
, (A.170b)
where (sR, cR) ≡ (sin θR, cos θR) . Note that there is no independent Dirac CP phase in the 2×2
unitary matrix UR and all possible CP-phases are included in the diagonal phase matrices U
′
R and
U ′′R . For notational convenience, we define,
M˜R ≡ U ′′RTMRU ′′R =
(
M˜22 M˜23
M˜23 M˜33
)
= M22
(
1 (1−r)eiβ
(1−r)eiβ (1−ζeiω)ei2β
)
, (A.171a)
D˜R ≡ U ′R∗DRU ′R† ≡
(
M˜1 0
0 M˜2
)
=
(
M1e
−i2γ
1 0
0 M2e
−i2γ
2
)
. (A.171b)
Then the diagonalization equation (A.169) takes the following form,
UTRM˜RUR = D˜R , or, M˜R = U
∗
RD˜RU
†
R . (A.172)
Using Eq. (A.172) we can reconstruct M˜R ,
M˜R =
 c2RM˜1 + s2RM˜2 cRsR
(
M˜1 − M˜2
)
cRsR
(
M˜1 − M˜2
)
s2RM˜1 + c
2
RM˜2
 (A.173)
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Thus, comparing the right-hand-sides (RHS’s) of Eqs. (A.171a) and (A.173) we can generally solve
the masses M˜1 and M˜2 ,
M˜1 =
1
2
(
M˜22 + M˜33
)
+
M˜23
2cRsR
, (A.174a)
M˜2 =
1
2
(
M˜22 + M˜33
)
− M˜23
2cRsR
. (A.174b)
as well as the rotation angle θR ,
tan 2θR =
2M˜23
M˜22 − M˜33
=
2(1− r)
(e−iβ − eiβ) + ζei(ω+β) . (A.175)
As tan 2θR is real, the imaginary part on the RHS of Eq. (A.175) must vanish. This allows us to
resolve β and θR from (A.175),
β =
1
2
ζ sinω +O(ζ2) , (A.176a)
θR = ±
π
4
− 1
4
ζ cosω . (A.176b)
The sign of ±π4 will be fixed from M1 < M2 , as required by (2.23a). Substituting (A.176b) back
into (A.174), we deduce,
M1 = M22e
i(2γ1+β)
[
1± 1∓ r − ζ
2
eiω +O(ζ2)
]
, (A.177a)
M2 = M22e
i(2γ
2
+β)
[
1∓ 1± r − ζ
2
eiω +O(ζ2)
]
. (A.177b)
We see that requiring M1 ≪ M2 as in (2.23a) will peak up the minus sign for π4 on the RHS of
Eq. (A.176b). Thus we further simplify (A.177a)-(A.177b) as
M1 ≃ M22ei(2γ1+β)
[
r − 1
2
ζeiω
]
, (A.178a)
M2 ≃ M22ei(2γ2+β)
[
2− r − 1
2
ζeiω
]
. (A.178b)
The mass eigenvalues M1 and M2 are real and positive, so taking the absolute value on both sides
of (A.177) we can derive M1 and M2 under the expansion of r and ζ. The formulas turn out to fully
coincide with that in Eq. (4.106) which we derived earlier. Finally, requiring the RHS of Eq. (A.178)
be real and noting β = O(ζ) , we deduce the phase angles,
sin 2γ1 ≃
1
2ζ sinω
[r2−rζ cosω+ 14ζ2]
1
2
, cos 2γ1 ≃
r − 12ζ cosω
[r2−rζ cosω+ 14ζ2]
1
2
, (A.179a)
γ2 ≃ −
1
8
ζ sinω = O(ζ) . (A.179b)
As expected, here we see that the three phase angles (γ1, γ2, β) would vanish as ζ sinω → 0 .
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B. Positivity Constraints from Baryon Asymmetry ηB
In this Appendix we systematically derive the positivity constraints from the baryon asymmetry
(ηB > 0) , on the CP-phase δD of our model, as given in Eqs. (5.125) of Sec. 5.2. For convenience,
we rewrite Eq. (4.99) as
r± =
ζ
2
[
cos δD ±
√
s4s
16
y2ζ2
δ4x
− sin2 δD
]
, (B.180)
where we have used r± to denote the two sign-combinations in the brackets. With the above formula
we further derive the positivity condition (5.124) of ηB as,
ζ sin δD
(
cos 2δD ± 2 cos δD
√
s4s
16
y2ζ2
δ4x
− sin2 δD
)
> 0 , (B.181)
which reflects the requirement of the baryon asymmetry ηB > 0 . Below we will solve this inequality
and derive the physical regions for the Dirac CP-phase δD as allowed by the successful leptogenesis.
B.1. Solution of Eq. (B.181) for r = r
+
= r
−
Branch
The case of r = r+ = r− corresponds ζ sin δD cos 2δD > 0 . Since our convention always holds
ζ > 0 , the condition (B.181) reduces to
sin δD cos 2δD > 0 , (B.182)
which requires
δD ∈
(
0,
π
4
)
∪
(
3π
4
, π
)
∪
(
5π
4
,
7π
4
)
. (B.183)
B.2. Solution of Eq. (B.181) for r = r
+
6= r
−
Branch
The case of r = r+ corresponds to + sign in (B.181). With ζ > 0 , the condition (B.181) reduces to
sin δD
(
cos 2δD + 2cos δD
√
s4s
16
y2ζ2
δ4x
− sin2 δD
)
> 0 . (B.184)
The defined range of δD is [0, 2π) , but the inequality (B.181) requires sin δD 6= 0 and thus excludes
δD = 0, π . So, we will analyze the ranges δD ∈ (0, π) and δD ∈ (π, 2π) , respectively.
B.2.1. For the Range δD ∈ (0, pi)
For δD ∈ (0, π) , the condition (B.184) becomes,
cos 2δD > −2 cos δD
√
s4s
16
y2ζ2
δ4x
− sin2 δD , (B.185)
which can be resolved as below.
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• For the sub-range δD ∈
(
0, π4
)
, we have cos 2δD > 0 and − cos δD < 0 , which always hold
the condition (B.185).
• For the sub-range δD ∈
(
π
4 ,
π
2
)
, we have cos 2δD < 0 and − cos δD < 0 , leading to the solution
from (B.185),
cos2 δD >
4
s4s
δ4x
y2ζ2
. (B.186)
• For the sub-range δD ∈
(
π
2 ,
3π
4
)
, we have cos 2δD < 0 and − cos δD > 0 , showing that the
condition (B.185) has no solution.
• For the sub-range δD ∈
(
3π
4 , π
)
, we have cos 2δD > 0 and − cos δD > 0 , leading to the
solution from (B.185),
cos2 δD <
4
s4s
δ4x
y2ζ2
. (B.187)
B.2.2. For the Range δD ∈ (pi, 2pi)
For δD ∈ (π, 2π) , the condition (B.184) becomes,
cos 2δD < −2 cos δD
√
s4s
16
y2ζ2
δ4x
− sin2 δD , (B.188)
which can be resolved as below.
• For the sub-range δD ∈
(
π, 5π4
)
, we have cos 2δD > 0 and − cos δD > 0 . From the condition
(B.188), we deduce the solution just as in (B.186).
• For the sub-range δD ∈
(
5π
4 ,
3π
2
)
, we have cos 2δD < 0 and − cos δD > 0 , which always hold
the condition (B.188).
• For the sub-range δD ∈
(
3π
2 ,
7π
4
)
, we have cos 2δD < 0 and − cos δD < 0 . From the condition
(B.188), we deduce the solution just as in (B.187).
• For the sub-range δD ∈
(
7π
4 , 2π
)
, we have cos 2δD > 0 and − cos δD < 0 , showing that the
condition (B.188) has no solution.
B.3. Solution of Eq. (B.181) for r = r
−
6= r+ Branch
The case of r = r− corresponds to − sign in (B.181). With ζ > 0 in our convention, we reduce the
condition (B.181) to
sin δD
(
cos 2δD − 2 cos δD
√
s4s
16
y2ζ2
δ4x
− sin2 δD
)
> 0 , (B.189)
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which excludes δD = 0, π . So, we will analyze the ranges δD ∈ (0, π) and δD ∈ (π, 2π) , respec-
tively.
B.3.1. For the Range δD ∈ (0, pi)
For δD ∈ (0, π) , the condition (B.189) becomes,
cos 2δD > 2 cos δD
√
s4s
16
y2ζ2
δ4x
− sin2 δD , (B.190)
which can be resolved as below.
• For the sub-range δD ∈
(
0, π4
)
, we have cos 2δD > 0 and cos δD > 0 . From the condition
(B.190), we deduce the solution just as in (B.187).
• For the sub-range δD ∈
(
π
4 ,
π
2
)
, we have cos 2δD < 0 and cos δD > 0 , showing the condition
(B.190) has no solution.
• For the sub-range δD ∈
(
π
2 ,
3π
4
)
, we have cos 2δD < 0 and cos δD < 0 . From the condition
(B.190), we deduce the solution just as in (B.186).
• For the sub-range δD ∈
(
3π
4 , π
)
, we have cos 2δD > 0 and cos δD < 0 , which always hold the
condition (B.190).
B.3.2. For the Range δD ∈ (pi, 2pi)
For δD ∈ (π, 2π) , the condition (B.189) becomes,
cos 2δD < 2 cos δD
√
s4s
16
y2ζ2
δ4x
− sin2 δD , (B.191)
which can be resolved as below.
• For the sub-range δD ∈
(
π, 5π4
)
, we have cos 2δD > 0 and cos δD < 0 , showing that the
condition (B.191) has no solution.
• For the sub-range δD ∈
(
5π
4 ,
3π
2
)
, we have cos 2δD < 0 and cos δD < 0 . From the condition
(B.191), we deduce the solution just as in (B.187).
• For the sub-range δD ∈
(
3π
2 ,
7π
4
)
, we have cos 2δD < 0 and cos δD > 0 , which always hold
the condition (B.191).
• For the sub-range δD ∈
(
7π
4 , 2π
)
, we have cos 2δD > 0 and cos δD > 0 . From the condition
(B.191), we deduce the solution just as in (B.186).
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Finally, we can summarize all solutions to the positivity condition (B.180) into a compact form,
for r = r+ = r− , r = r+ 6= r− and r = r− 6= r+ ,
for r = r+ = r− ,
δD ∈
(
0,
π
4
)
∪
(
3π
4
, π
)
∪
(
5π
4
,
7π
4
)
; (B.192a)
for r = r+ 6= r− ,
δD ∈
(
0,
π
4
]
∪
(π
4
,
π
2
)
>
∪
(
3π
4
, π
)
<
∪
(
π,
5π
4
)
>
∪
[
5π
4
,
3π
2
]
∪
(
3π
2
,
7π
4
)
<
; (B.192b)
for r = r− 6= r+
δD ∈
(
0,
π
4
)
<
∪
(
π
2
,
3π
4
)
>
∪
[
3π
4
, π
)
∪
(
5π
4
,
3π
2
)
<
∪
[
3π
2
,
7π
4
]
∪
(
7π
4
, 2π
)
>
; (B.192c)
where the regions with subscript “>” require imposing the condition (B.186) and those with subscript
“<” are constrained by the condition (B.187). The above constraints just confirm what we have
presented in Eq. (5.125) of Sec. 5.2.
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